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P H E F A C E. 

Ih the earlier part of this book — the part in which 
the method of co-ordinates is described and applied to 
the straight line and the conic sections — I have adopted 
the plan of Mr Todhunter's Co-ordinate Geometry, 
examining the parabola, ellipse, and hyperbola before 
discussing the general equation of the second degree. 

In the thirteenth chapter some account is given 
of projection and reciprocal polars. In applying^ per- 
spective projection I have not ventured beyond real 
conceivable geometry. 

The last chapter introduces equations of higher 
degrees than the second. 

The reader of Mr Salmon's works will anticipate 
my great obligations to the Conic Sections and Higher 
Plane Curves. I would also make grateful mention of 
Mr Ferrers' Trilinear Go ordinates, though I have not 
studied to keep strictly apart the methods of trilinear 
co-ordinates and abridged notation. 

W. P. TUBNBULL. 

TBI NIT Y College, 

May, 1867. 
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CHAPTER I. 



INTRODUCTION- 



1. Algebea enters into Geometry in two waya. It may 
be applied, as in Trigonometry, to problems concerning the 
magnitudes of lines, areas, volumes, or angles ; and it may be 
applied to problems concerning tlie positions of lines and sur- 
facea. Eotb these applications are made in the subject of 
Analytical Gieometry, which in its most general form deals with 
space of three dimensions ; and both are made in that special 
and simpler branch of Analytical Geometry which is concerned 
only with figures lying in one plane. 
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2 INTEODUCrrlON. 

and two unlimited straight lines X'OX, 7' t) F passing through 
0, and intersecting at right angles. Then suppose we know 
that a certain point in the plane is at a distance h from the line 
X'OX, and at a distance a from the line Y' OY, and that we are 
required to find this point. Take M, M' in XX', such that 
0M=^0M'=a,s3idiN,N' in IT', such that 0W= OJf =5, and 
draw through M, M' parallels to XX', and through N, iV parallels 
to YY\ so as to form the rectangle F^P^^P^. Then we know that 
the point in question is one of the four angular points of this 
rectangle; and we know no more about the position of the point. 
Bat suppose that distances from YY' are positive or negative 
according as they are on the OX-side or the OX'-side of YY', 
and that the sign + is placed hefore a ; then we know that the 
point in question is either P^ or P^, Again, suppose also that 
distances from X' are positive or negative according as they 
are on the OYside or the OX- side of XX, and that the sign + 
is placed before b ; then we know that the point in question is P,. 

If for + «, + & there had been given —a, + h, the point in 
question would have been F^; if — a, — h, F^ ; if + a, —h, F^. 

3. The distances (properly signed) of a point from the fixed 
lines XX', YY' are called the co-ordinates of the point. The 
co-ordinate measured parallel to XX' ia usually denoted by the 
symbol x, and that measured parallel to YY' by the symbol y. 
Thus the x of the point Pj is + a, and the y is 4- 5 ; or, more con- 
cisely, for the point P^,x = a, y — h. Similarly for the point 
P^^x = — a,y = i; for the point P^, x= — a, y = — h; for the 
point Pj, x = a,y = — h. 

We may also speak of the point P, as the point {a, h), and of 
the points P,, P,, P^ as the points (- a, h), \-a, -h), {a, -h) 
respectively. Or we may, when there is no risk of confusion, 
omit the brackets, and, in the case of Pj, the comma : thus P, is 
the point ai. 

4. If instead of choosing XX' and YY'.at right angles we 
choose them inclined at any angle, and if we measure parallel 
to XX' distances from YY', and parallel to YY' < 
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INTEODUCTION. 3 

from XX' , and alter the word ' rectangle' to the more general 
term ' parallelogram,' then Arta. 2, 3 may be repeated. 

The point is called t}ie origin of co-ordinates, or the origin. 
The lines XX', YY' are called the co-ordinate axes, or the axes: 
XX is the axis o/ai.and YY' is the axis ofy. When the angle 
of XOris aright angle the axes and the co-ordinatea are said to 
Ije rectangular ; when the angle XO Y is not a right angle the 
axes and the co-ordinates are said to be oblique. It is commonly 
understood, when no intimation is given to the contrary, that the 
axes are rectangular. 

5. Another apparatus for registering the position of a point 
in the plane of operations consists simply of a iixed point and a 
fixed line drawn from, this point. The method which employs 
this apparatus is called the method of polar co-ordinates. Let 




be the fixed point and OX the fixed line ; and suppose we know 
that a certain point in the plane is at a distance a from and 
that the line joining it to makes an angle a. with OX, and that 
we are required to find this point. 

Make the angles XOP, XOP', on opposite sides of OX, each 
equal to a, and make OP, OP' each equal to a. Then we know 
that the point in question is either F or P'. There will be no 
doubt vihich of these two points is to be taken, if angular dis- 
tances measured from OX be considered positive or negative 
according as they are measured towards OP or OP', and if a 
sign be prefixed to a. 



y Google 



4 IHTRODUCTION. 

6. The point is called the origin or poh, and tlie line 
OX the initial line: OP is the radius vector of the point P, and 
XOP the vectorial angle of the point P. Let the general sym- 
hols for the radius vector and the Tectorial angle he respectively 
r and 9. Then the polar co-ordinates of the point P are a, a ; or, 
for the point P, r = a, d = a; or Pis the point {a, a). For the 
point P', r = a, 6 = — a; or, P' is the point (o, —a). 

7. The angle a has been supposed < tt, hut by the Trigo- 
nometrical extension of the term 'angle' we may express the 
position of ani/ point without a negative vectorial angle. Thus 
in the figure P' is the point (a, Sw— a). In like manner Pis 
the point {a, — 27r — a). 

Again, the radius vector also is capable of two signs. Pro- 
duce PO to P,, so that 0P,= OP. Then the symbol (-«, a) 
may be used to express the point P^. If we wish to express P, 
with &, positive radius vector, we may call it the point {a, Tr + a) 
or tlie point (o, — tt — a). So Pis the point (—a, Tr + a). The 
points [r, &], {—r, 6) are on a straight line through the pole and 
are equidistant from the pole. 

8. Let X, y be the co-ordinatea of any point P referred to 
the rectangular axes OX, OY, and r, 6 the polar co-ordinates of 




the same poiiit referred to and OX, vectorial angles being 
considered positive when measured from OX towards Y. Then, 
PM being perpendicular to OX, we see from the right-angled 
triangle 0PM that 

a; = )• cos B, and y = r mi 9 



and that 



1^ = X? -\- y"", and tan 6 



• ■(1); 

..(2). 
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INTRODUCTION. 5 

Thus if r and 9 be known, x anii j are known from (1), and 
if a: and y "be given, we can find r and $ from (2). 

9. We now proceed to express analytically the length of the 
line joining two given points (a;, jj, (a^ayj. 

The axes are supposed to be inclined at an angle m. 




Let i*be the point a;,^, and Q tlie point x^y^. 
Draw -P/X Q-M parallel to OF and PB parallel to OZ, so 
that 

x,= OM, y^ = PM, x^= ON, y, = QN. 

Then PB^x^-x^, QR = y^-y^, 

and PQ' = PE'^Q:ff- 2PM . QE cos PR Q 

= K-arJ= + (^j-y,)' + 2(3T,-3;,)(.y,-j/,)coa« (I). 

In the particular case of rectangular axes « = ^ , and 

-P^=(a'.-^.r+(2/«-yJ' (2). 

Suppose we require an expression for the distance of a point 
xy from the origin, the axes being inclined at an angle a. 

"We may write x, y for x^, y^, in (1), and 0, (the co- 
ordinates of the origin) for x^, y^. Hence we find that the square 
of the distance is 

a;' + y + 2xy cos ta (3), 

as might also have been proved independently by a figm:c. 
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6 INTRODUCTION. 

10. In obtaining the formula (1) the quantities i",, ?/„ x^,y^ 
were supposed positive, so that the points P, Q were both in the 
first com/partment, as the space within the angle XOFis called. 
But the formula will give accurately the distance between any 
two points whose co-ordinates are known. Suppose for instance 
that iCj, y^ are positive and y^, x^ negative, so that P lies in the 
fourth compartment (or within the angle XOY), and Q in the 
second compartment {or within the angle X'OY). Construct 
the figure as in Art. 9. Then 

PQ' = PR+ QR' - 2PR . QR cos w, 

for the angle 




AZ^ 



Now PR = MN= 0M+ 0N= ^. + ( - x^ 

(for, since x^ is negative, the numerical measure of ON is — x^) 
= x,~ x^. 

And Q^= QN+ -^^B^y^ + {-yj =y^- y^- 

.-. P Q' = {a:, - xX + (y, - y,y - 2 {x^~x;)(y^~y;) cos a, 
= K - x,Y + {y^ - y,y + 2 (re, - a,J {y^ - yj cos to. 
And any other case may be treated in like manner. 

11. To express the area of a triangle in terms of the co- 
ordinates of the angular points. 

Let P, Q, B, the angular points of the triangle, be x^y^, 
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INTRODUCTION. 



Wi' *B^3 i^espectively, the axes being inclined at an angle a>, 





Draw the ordinates (as they are called) FL, QM, SN parallel 

to or. 

The area of any triangle is measured by half the product of 
two sides and the sine of the included angle. 
The triangle PQB 

= figure PLMQ + figure QMNE - figure SNLP. 
Join PM, QL. The figure FLMQ 

= triangle PLM + triangle PMQ, 

= triangle PLM-V triangle QML, (Euclid, i. 37) 

Similarly, the figure QN 

and the figure PN 

= -4(^/a+yi)(^.-»'3)sin«. 

Thus the area of the triangle is 
which expression may bo reduced to 
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S INTRODUCTION. 

In tlie particular case of rectangular axes the area of the 
triangle is 

i {^^iVi-^^y^-^^iy^ - ^^y^+^iVi. - ^^v^ t^)- 

If, in any particular case, the formula for the area of a triangle 
give a quantity with a negative sign, this sign must be changed, 
We may if we please change the sign of the expression for the 
area, and use instead of (1) the formula 

^^[^Ay^-y^^^^iy^-y^+^lVt-y^] W- 

The reader will observe that the term x^ [y^ — y^ can be 
obtained ftom f^iy^ — y^ by changing 1, 2, 3 to 2, 3, 1. The 
same change derives x^{y, — y^ from x^{y^—y^ and f^iys — y^ 
from Xsiy^ — y^- The suiiix 3 is to be considered as coming 
just before the suffix 1. Thus 123, 231, 312 ai'e, in a manner, 
the same order of suiBxes, and in like manner 321, 213, 132 are 
all one order, which is the opposite of the former. 

Ex. The area of the triangle formed by joining the points 
^1^1' ^3^2 *** ^9.1^ other and to the origin is 
±^sinffl(a;,3', -a^.T/J. 
Tlie area in (1) is expressed as an algebraic sum of three 



L2. To find the co-ordinates of the jpotnt which divides in a 
t ratio the line joining two g 
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INTRODUCTION. 9 

Let xy be the point P which divides in the giTen ratio w^ : «j, 
the line joining the given point tc,y„ or jl, to a given point m^y^, 
or B. Then AP : BP=n^ : n^. {BA is divided in the ratio 
M, : «,). -Draw the ordinates AL, BM, PB. Then since (Euchd, 
Book VI.) all straight lines which are cut by a system of parallels 
are cut in the same proportion, 

AP_LB 
BP^MB' 

that IS, -i = ; whence x = -^J— 






Similaily 

The axes may be inclined at any angle. 

In the particular case of bisection n^ =■ 
that the middle point of AB is 






13. In Art. 12 the division was supposed internal; but if 
jij > n^, AB can be divided externally in the ratio n^: n^; that 
is, a point Q can be found in AB produced, such that 

AQ : BQ = n, : «,. 

If n^ < n^, a point Q' can be found BA produced, such that 

AQ' : BQ' = n, : m,. 

The co-ordinates of the point of division will be found to be 
in either case 



wHcli expressions may be deduced from those in Art. 12 by 
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J the sign of the fraction -^ ; for that change of sign 
changes the x from 



!!a — to 



^+1 -?+l 



that is to -^ '—^ ; and the !/ to - ^i— '■^' , Thus we may 

consider the point ^ as a point where AB is divided in the ratio 
Wj : — «2, and the point §' as a point where AB is divided in 
the ratio — «, : Mj, placing the negative sign before «, or % 
according as the corresponding segment of tlie line AB is mea- 
sured along AB forwards or backwards. 

14. Tlie following constraction may be used for finding a 
point Q in ^i? produced, such that^Q : BQ = AP-.BP (AP 
being of course greater than BP, since AQ in necessarily greater 
than BQ). 

Take any point V not in the line AB ; join VA ; through B 




draw UBS meeting VP produced in S; make BS equal to BS; 
and join VS meeting AB produced in Q. 



For 



BP_mt 

AP a: 



y (by similar triangles BPM, APV) 
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INTRODUCTION. 11 

15. Wlien a line AB 13 divided in P and Q so that 
AP : BP=AQ : BQ, it is said to be divided harmonically. 
For, hj the definition of Harmonical Progression, AP, AB, A Q 
are in Harmonical Progression, since tlie first AP is to the 
third AQ as the difference PB of the &st and second to the 
difference BQ of the second and thii'd. 

(We have supposed AP greater than BP. If AP be less than 
BP, Q Hes in BA produced, tmABP,BA, BQ are in Harmonical 
Progression.) 

QP is also divided harmonically at B and A, for 

QB : BP= QA : PA. 

Thus QB, QP, QA are in Harmonical Progression. 



Examples on Chaptee I. 

N.B. The « in brackets at the end of a question means that 
oblique co-ordinatca are to be used. 

1. Find the polar co-ordinates of tlie points whose rect- 
angular co-ordinates are as follows : 

(3) a; = -3,3- = 0; {4) x = 0, i/=^~i; 
and indicate the points in a figure. 

2. Find the rectangular co-ordinates of the points whose 
polar co-ordinates are as follows : 

(1) r=2,e = '^; (2) r = l, ^ = 0; 

(3) *■ = -!, fl = -|; (4) j- = -l, = 0; 

and indicate the points in a figure. 
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12 EXAMPLES ON CHAPTER I. 

3. Find the distance between tlie points (—8, —1), (5, —5); 
and tho perimeter of tiie triangle formed by joining the first 
three points in Example 1. 

4. Find the area of the triangle whose angular points are 
(0,1), (-1,0), (2, -2). 

5. The co-ordinates of A, B, are respectively 

and the middle points of BO, OA, AB are D, E, F. Find the 
co-ordinates of D, E, F, and those of the middle points of the 
sides of the triangle -Z>, E, F (w). 

6. Find also the co-ordinates of the point which divides AD 
in the ratio 2:1, and apply the result to shew that the lines 
AD, BE, O^meet in a point {«). 

' 7. Prove geometrically that the distance between the points 
{r, ff), (/, ff) is 7i^ + /=-2»y cos iO~ff), and that the area of 
the triangle formed by joining them to each other and to the 
origin is ^rr' sin (0~$'). 

8. ABC is an^ triangle^ and AB, ^(7 are taken for co- 
ordinate axes. Given that AB=c, and AG=h, find the co- 
ordinates of the middle point of BC, and the distance of that 
point from the origin. 

9. Apply Example 8 to prove that in any triangle the 
sqnares on two sides are together double of the square on 
half the base and on the line joining the vertex to the middle 
point of the base. 

10. The axes being inclined at an angle m, and the origin 
and axis of x being made the origin and initial line of a system 
of polar co-ordinates, the formulfe for transforming Cartesian into 
polar co-ordinates are 

sin 0^^-^ _ si"^ 
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EXAMPLES ON CHAPTEE I. 13 

N.B. ' Cartesian ' co-ordinates (so named after Des Cartes) 
are such as detei'mtne tlie position of a point by reference to 
two fixed straight lines. 

11. If F, F' be the middle points of AB and PQ in Art. 15, 
FP. FQ = FA\ and FA . F'B - FP'. 

Trace the changes in ^'s position as P moves from B to A. 

12, Obtain a general formula for all the names of the point 
{r, 0) in polar co-ordinates. 
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CHAPTEE II. 



THE STRAIGHT LINE. 



N.B. When ' co-ordinatea ' are spoken of it is generally un- 
derstood that they are Cartesian co-ordinates (see note on 
Ex. 10, Chap. I.). 

In this Second Chapter the inclination of the axes ia in general 
unrestricted. 

16. The axes being inclined at any angle, let xy be any 
point i* on a straight line NP, which is parallel to OX and 
meets F at a point N, distant h from 0. Then y = le (Euclid 
I. 34). This is true for any position of P in the line, and is 
not true for any point out of the line ; for the y of a point 




Q or Q' out of the line must be either algebraically greater or alge- 
braically leas than k. Thus the equation y = k belongs peculiarly 
to the line NP, and may be called the ' equation of the line NP: 
Any one acquainted with the system of co-ordinates could lay 
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THE STEAIGHT LINE. 15 

down on the plane of operation the line NP from the datum that 
it is 'the line y=k.' The equation y = h represents the line 
NF. So the equation y = — k represents a line parallel to OX 
and on the opposite aide of OX from NP, meeting the axis 
of F in a point iV"' such that ON' = ON. In like manner the 
lines x = h, x = — h aie parallel to, and equidistant from, the 
axis of y. Again, the equation 2i/ + 3 = represents a line par- 
allel to the axis of x and meeting the ' negative ' part of the axis 

of y at a distance - from the origin. And, generally, the equa- 
tion Ay + B= represents a line parallel to the axis of x, and 
the equation Ox + J) = represents a line parallel to the axis of 
y. That is, a simple (or ' linear ') equation involving only one of 
the ' variables ' x, y represents a line parallel to the axis of the 
omitted variable. 

17. Again, let Py he any point P on a straight line passing 
through the origin. Let OM, PM be the co-ordinates of P. 




PM 
Then, hy Euclid, Bk. vi., the ratio -^y^ is the same for every 

position of P in the line. Let us call it in. Then the following 
relation exists between the co-ordinates xy of any point in the line 

^ = m, or y — mx (1) ; 



and this relation does not exist between the co-ordinates of 
any point Q not in the line. For let the ordinate QN meet 

OP in B, then yrj^ (the " of §) is not equal to -7^, that is, 

not equal to m. Hence the equation (1) is peculiarly character- 
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16 THE STEAIGHl' LTSE. 

iatic of the line OP, is, in fact, enough h) identify the line OP, 
and ia called the ' equation to the line OP.' 

18. In these cases the quantities h, h, m are called con- 
stants, just as X, y are called variables. They are constant so 
long as we keep to the same line, but difterent for different lines. 
The constant m in the equation y = mx is numerically the ratio 
of the sines of the angles which the line makes with the axes. 
The sign of m determines the compartment in which OP lies. If 
m be positive, the line lies ia the first and third compartments ; 
if negative, in the second and fourth. 

"When the axes are rectangular m is the tangent of the angle 
which that part of the line which is on the Y side of the axis of 
X makes with the axis of x produced in a positive direction. 
Thus, to speak accurately, the lines y=x, y — — x make angles 
45° and 135° with the axis of x, 

19. Again, let us take a line AB which meets the axes in A 
and -B, not passin g through nor parallel to either axis. Let P be 




any point xy in this line. Draw PM parallel to OY, meeting 
OX in M, and di'aw OR parallel to AB, meeting PM in B. 
Suppose OB^c, and let ni be, as before, the ratio of the sines 
of the inclinations of AP to the axes of x and y, so that y = mx 
is the equation to OB. 

Then PM, the y of P, exceeds RM, the y of B, by PR, or 
OB, or c. That is, at the point P 

y = 'mie + c. 
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THE STRAIGHT LINE. 17 

This equation is true at every point of the line AB, and (as 
the reader can prove) at no point out of the line. It is therefore 
peculiarly the property of the line AB, and is enough to identify 
the line AB. It is called the equation to the line AB. 

Similarly the line i/ = mx — c is parallel to the line y = mx, 
and is equidistant with AB from that line. 

20. We have now shewn that corresponding to every 
straight line there ia an equation which cao be put in one of 
the following forms : 

x='h (1), y = h (2), y = mx (3), ^ = mx + c (4). 
That is, by giving proper values to the constant or constants, 
we can find among (1), (2), (3) and (4) the equation to the line. 
Thus for the axis of x choose foiiii (2) and put k^O. For the 
axis of ?/ choose form (1) and put ^ = 0. It ia to be observed 
that the form (4) includes (2) and (3). 

All the forms are included in the general equation of the 
first degree, 

Jx + By-i- G=0. 

In other words, this last equation can be made to represent any 
proposed straight line by giving proper values to A, B and G. 

21. The question now arises, whether curved lines have 
equations corresponding to them and repi-esenting them. It is 
more convenient to ask whether to equations of higher degrees 
than the first there correspond curved, instead of straight, Hues. 
The answer- is 'yes, generally:' tut we must for the present 
confine ourselves to the straight line, laying down, however, 
certain definitions applicable throughout the subject of Plane 
Co-ordinate Geometi-y. 

An equation ig said to represent, or bo the equation to a line, 
straight or curved, when the equation is satisfied by the co- 
ordinates of every poiut in the line and by the co-ordinates of 
no otlier point. 

And the line, straight or curved, is called the hcus of the 
equation. 

T.e. a 
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18 THE 8TEAIGHT LINE. 

An equation is said to be of the w'" degree when, after it 
has been reduced to a rational and integral form as far as the 
variables are concerned, tbe term or terms of highest dimensions 
in the variables are of n dimensions. 

1 form, is 



" + !'-„• 

in which — , being of two dimensions in x and y, and being 

the term of highest dimensions, shews the equation to be of the 
second degree. 

So 'X^ + Wy — Na, reduced to a rational and integral form, 
is yx^ = (a^ Va — 1)^ and is therefore of the fifth degree. 

An equation of the first degree, reduced to a rational and 
integral form as far as the variables are concerned, is called a 

linmr equation. Thus -4-yV2^~l = is a linear equation. 

ITie general type of such equations is Ax + By +(7=0, and 
Ax + By + C is the general type of linear functions of x and y, 

22. We may prove directly that an equation of the first 
degree can represent no line but a straight line. For let m^y^, 
JCj^j, x^y^ be any three points on the hous of the equation 

Ax-vBy+ 0=0, 
then 

^ic, + %,+ C=0, Ax^ + By^+O=0, Ax^ + By^+O = 0. 

From these three equations eliminate A, B, by cross 
multiplication, that is, multiply them respectively by y^ — y^, 
Vi—Vv y>~yi ^'^^ ^d. There results 

^ !^. i% - yi + a', {y, - yd + ^a {y^ -y^] = o, 

or, since A is not supposed zcto, 

^, {y^ - y,) + ^. {y^ - y,) + <s, [y^ - y^) = o. 

This equation informs us that the area of the triangle of 
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19 



whicli the vertices are ib,^„ x^y^ Xg% is zero. Now these three 
points are an^ three points on the locus, and, as they are proved 
to lie in a straight line, the locus is a straight line. 

If A be zero, it is evident that the 1/ of every point in the 
locus is the same : hence the locus must be a straight line pa- 
rallel to the axis of x. If B be zero, the locus is a straight line 
parallel to the axis of 1/, 

Thus the equation Ax + Bi/+C = 0, whatever be the values 
of ^, £, (7, represents a straight line, and if the Ax + Bi/+0 
of a point vanishes, that point lies on the line, and if the 
Ax + B1/+ of a point does not vanish, that point does not lie 
on the line. Thus the 3a;— ^4-1 of the point (I, 4) vanishes, 
and the dx~y -{-l of the point (2, 3) does not vanish. There- 
fore the point (I, 4) lies on the line 3x —y + 1=0, and the point 
(2, 3) does not lie on that line. 

We shall sometimes speak of the line represented by the 
equation Ax + By+ C=0 as 'the line Ax + By + G.^ 

23. To iind the equation to a straight line in terms of the 
intercepts which it makes on the co-ordinate axes. 

Let P be any point aw/ on a line AB which meets the axes 
OX, OY in A, B. Let OA = a, 0B= l. Join OP and draw 
the ordinate PM. Then 

^AOB=tlBOP-vii.AOP. 

/Y 
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AAOB~f 



and similarly 

Therefore " + f = 



This is the equation required. 

24 If we suppose a infinite, the equation becomes y = h, 
representing a line through B parallel to Ox. Similarly the 

equation - + ^ = 1 includes the form x = a. When a and h are 

toth very great the line is at a very great distance. Also the 
portion AB, in any case, lies in the 1st, 2nd, 3rd, or 4th com- 
partments according as the signs of a and b are + +, — +, , 

or -) — . 

Ex. Draw the straight line 2a; - 3?/ + 7 = 0. '-The reduced 
form is 

^+1-1. 



Thus the portion AB lies in the 2nd compartment. 

25. The intercepts of any line A'B' parallel to AB arc 
propoi^tional to a and 5. Let them be ytta, ^&. Then the equa- 
tion to A!B' is 

-+^ = 1 (1), 

fia lib 



.(2). 



Let AB be fixed and suppose fi to change from + «> to — <» . 
AB' is at first infinitely distant, and then approaches nearer 
and nearer to AB, coincides with jiBwhen /i= I, passes through 
the origin aS appears from (2) when ^ = 0, and finally is lost 
at infinity on the origin side of AB. 

Thus a line passing through the origin has infinitely small 
intercepts, but they may have a finite ratio. 
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26. Let Ox he a straight line chosen in space, and let 
A, B, G, D be any points in space. Draw (Euclid, I. 12) Aat 




M, Go, Bd perpendicular to OX. Then the points a, h, c, d 
are called the projections of the points A, B, G, D on OX, and 
the lines ah, ho, ad, &c. are called the projections of the lines 
AB, BO, AD, &c. on OX. Let the direction OX be considered 
positive and the direction XO negative : so that ah, he, ao, dc 
are, in our figure, measured in the positive direction, and la, ch, 
ca, cd in the negative direction. 

Then ad is the algebraic sum of ah, bo, cd : or, the projection 
of the line joining ji to .D is tlie algebraic sum of the projections 
of the three lines wMch join ^ to 5, 5 to G, C to D, 

And generallj- the projection of the line joining a point A to 
a point B is the algebraic sum of the projections of the lines 
AA^, A^A^, A^A^...A^^A„, A„B. The order of the two letters 
which denote any line in this series must be stiictly observed. 
The projection of AB on OX is not the sum of the projections 
of AF, BFWt the sum of the projections of AF, FD. So also 
the projection of BA on OX is the sum of the projections of 
BF, FA. 

The stun of the projections of the sides of any closed polygon 
is zero : for if we set out from A and travel round to A again 
through any number of points, the projection a also returns to its 
original position, and has accomplished, therefore, a distance 
zero. 



y Google 



22 THE STRAiSIIT LINE. 

Now suppose the line OX and the points projected to lie all 
in one plane. Then ab the projection of AB = AB x cosine of 
the angle between AB and OX, If this angle be acute, then ha 
the projection of ha = BA x cosine of the angle between BA and 
OX, and (as this angle is obtuse, being the supplement of the 
former angle) ba is negative, as it ought to be. 








Let AB, BO, two straight lines of lengths a, h, and at right 
angles, connect the points ^, G. Let the angle between AB and 
OX be 6. Then the projection of ^ t? on 0X= « cos ^ + J sin 6 
or a cos ^ - 5 sin 8, according as the right angle ABO opens, or 
does not open, upon OX. (The dotted lines and arrows in the 
figure indicate the direction of OX.) 

Projections in one plane can also be made obliquely, by 
ordinates drawn in any constant direction; but the most usual 
system of projection is the orthogonal, as that which we have 
touched on is named. 



27. The equation to a sti-aight lino can be expressed i 




yGoosle 



THE' STRAIGHT LINE. J3 

terms of tlie line's distance from the origin, and the angles whicli 
this distance makes with the axes. 

Let ssy "be any point P {OM, PM) on a line AB, and let OQ, 
the perpendicular from on AB, te of length p, and make with 
the axes OX, OY the angles a, 0. The axes are supposed to 
contain any angle m, so that a + /3 = w. Then OQ is the pro- 
jection on OQ of tlie 'broken line' OMP, and, as the angle 
"between MP and OQ is 0, this projection 
= x coBd+y cos /9. 
Thus 

xeosa + Jf coa0=p (1) 

for any point xi/ in the line ; and therefore this ec^uation is the 
1 to the line. 



In the case of rectangular axes « = -r , and (1) becomes 

X co9a+^ sina=^ (2). 

In the figure the line crosses the first compartment. If ^ be 
negative, the line crosses the 3rd compartment ; if cos a be nega- 
tive and p and sin a positive, the line crosses the 2nd com- 
partment (Art. 24) . 

28. Let XT/ be any point P in a straight line, and let ah be a 




fixed point A in the line. Let AP= r, and let r be capable of 
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sign, SO that, the line being given and A given in the line, any 
point in the line can be found if its r bo known. Let the 
line make angles a, (3 with the axes, so that, if a be the angle 
between the axes, a + ^ = w. If the parallel line througii lie 
in the angle X'OY, 13 may Ijc considered negative. 

Then tZi*.!!!!^, j-_S_™a 

r sin w r sin w 

by Trigonometry. 

T sin/3 sin a , , , , , ,-,.-• 

-Let -; — , -; be denoted by (, m; so that L m are ratios 

siiio) smo) .; ' i 

of the projections of any portion of the line on the co-ordinate 

axes to the portion projected {the projections being made by 

lines parallel to the axes). 

rru x — ay — h , . 

ihen — - — = ^ = V (l).- 

This is another form of the equation to a sti-aight line. We 
have supposed r positive : if in the figure P had been taken on 
the other side of A, then m — a, y~h, and r -would have been 
negative. The result (1) would have been unaffected. 

29. The angles a, /3 may be called direction-angles of the 
line AP or of any parallel line, and I, m the dtrectiim^atios of 
the line AP, or of any parallel line. The direction of AP may 
be called the direction [^, m]. Thus AP is drawn through ah in 
direction \l, m\. 

Let L, M be any quantities proportional to I, m. Then AP 
may he represented by the equation 

x-a ^7j-h 
L M ' 

but these equal quantities are not equal to r, unless L, M are 
egual to l,m as well as proportional. Thus we .may also call 
the direction {I, m\ 'the direction [L, M)\ the square brackets 
being resei'ved for the special case of direction-ma'os. 
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"When the axes aie rectangular, a, + ff = ~, and I, m are the 

cosines of the direction-angles, or the direction-cosines. The line 
y = 2xiA the line (1, 2) or (2, 4) or (/, 2/), but (as the direction- 

[-2 1 -] 
angles are tan"' 2 and the complement oi tan ^ 2) "7^ , ^ ■ 

r A B n 

So the direction {A, B) is the direction "T^rrjT? ' 7/r*"X~fl^ ' 

Again, let the axes be inclined at any angle, and let and 
Ox be pole and initial line. Then if \l, m\ be the direction of 

OP, the ec^uation to OP is j — — — r, a convenient formula for 

changing Cartesian into polar co-ordinates. 

30. To find the direction-angles of the Jina y — mx + c, the 
axes heing iruMned at an angle m. 

Let AB (fig. to Art, 19} be the Imag^mx + c, and OR the 
parallel line y = mx, and let RM, parallel to OY, meet OX in M. 
Also let aROX= a, and ^ROY= /3. Then a, /S are the di- 
rection-angles required, and a + j3 = w. 

From the triangle ROM 

sin a ^ sin ROM ^ RM 
sin /3 ~ sin ORM~ 0M~ '^' 

Tims sin a — 7nsin(o)-a) = m (sin o) cos a — cos w sin a), 
or sin a (1 -)- m eos to) = cos a . m sin w, 

or t.in K = . 
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VI + 2'/B COS a, + m' Jl + 2mcOBQi + m^ 

Polar Oo-ordmates. 
31. Let Aa: + B^ + G=0 be the equation to any straight Hue 
in rectangulai co-ordinates, and let r, 9 be the polar co-ordinates 
of any point wy in the line. 

Then x = r cos 0, y = r sin Q, and Ax + Bi/ -i- = 0. 

Therefore Arcose + Braine + C^Q (1). 

This is a relation connecting the r and d of any point in the 
line, and is therefore the polar equation to the line. 

We may also obtain geometrically a form of the equation. 




Let P be any point {r, 6) in the line and let OQ be"'the 
perpendicular on the line from the origin. Let OQ=p, and 
let z QOX=a. Then from the ti-iangle OPQ we see that 
p = rcos [B-a) (2). 

This is also an equation to the line, and is of the form (1), 
being 

cos a . r cos B + sma.T sin & —]> — 0. 

The polar equation to a straight line drawn through the 
pole is of the form 6 = constant. This is geometrically mani- 
fest. 
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Examples on Chapter II. 

1, Of wliat degree in x and y is the equation 

2, Find the iiitercepte made on the axes hy the lines 

2a;-3y = 5, Ax + Bj/+ G=0 (-»)■ 

3, Determine the inclinations to Ox of the lines 

x + ^ = 0, px + qy — r, VSy + a; + 2 = 0. 

4, Find the direction-cosinea of the lines 

ic + 2/ = 5, 2a! + «/ = 3, 03 + % + 6 = 0, 

cc + Vsj/ = 2, Vsic -(,4-5 = 0, 

fx+gy^a, fx'~gy = Q, Ax + By-\- C=Q. 

5, If [^i m] he the direction of a line, and w the inclination 
of the axes, 

6, If a, ^ be the direction-angles of any line, 

coa°a + cos'/3- 2 sinKsin/3cos w=3in°w. 

7, Determine the inclinations of the lines 

y = x, x + ycosw^O, Ax + By+C=0, 
to the axis of a; (w). 

8, Find the direction-ratios of the line y = 2x + 5, the axes 
being inclined at 45°. 

Also find those q{ Ax + By-i- C=0, for any inclination of 
the axes. 

9, Tranafonn x—y = B to polar co-ordinates and 

1- cos (^^ + ^j + 5 = 
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10. Draw the straight line 

and determine whether the point cc = 2, y = i. lies upon it. 

11. Draw all the straight lines numerically givt 
Example 4. 

Ax + By-^-O, A'x + Sy+ C are parallel (see Art. 33) (»). 



y Google 



CHAPTER III. 



THE STEAIGHT LINE. 



32. (1) The following Lemma from Algebra is easily 
. should be remembered : 

li ax + ht/ + cz = 0, and a'x + h'y + c'z = 0, tlien 

X __ y __ ^ 



(2) Another algebraic theorem which is useful in Geometry 
is this : 



in short, = ^-,-^^,'— ,"'" ,--- , A being cmy homogeneous ftmc- 
tion of the first degree. 

Any given case of this theorem can be proved by supposing 

30 that hjc, hjc ... may be substituted for a^, a^,... 

33. To find the co-ordinates of the point of intersection of 
two given Unes 
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Let P be the point of intersection. Then the Ax -^By-^ C 
of P= 0, because P is on the line {1), and the A'x + ff^+C of 
P=0, because Pia on the line (2). 

In other words, at the point P 

Ax+Sy+C.1^0, and A'x + B'y + C'.l = 0. 
Therefore by Lemma (1), 



PC -3'0~ OA'- C'A ~ AB ^ A'B ' 

Thus the lines Ax + By-^ O, A'x+B'y+ C meet in the 
point 

(BG'-B'O CA' - C'A \ 
[aB-A'B' AB^A'b) ' ^"""^ 

Given the equations to two straight lines, the co-ordinates 
of their point of intersection are found hy combining the given 



Ex. The lines x — h,y = k meet in the point {h, k). Thus 
"when we speak of the point a; = A, 2/ = ^, we give two lines which 
by theit intersection determine the point. 

34. Euclid's definition of parallel straight lines may be 
altered to this : Parallel straight lines are such as ai-e in the 
same plane and do not meet urdess infinitely produced. 

Thus the lines Ax + By+ G, A'x+B'y-\- 0' are parallel 
if their point of intersection be infinitely distant ; that is, if 
A- B 



Ex. The lines 2x+Sy = (i and 2x-i-3y^5 are parallel, 
for here 



^=1 = 



B" 



So the lines 23; + 3^=1, ix'+Gy-i-5=0 are parallel, and 
generally, two lines are parallel when the x and y terms in 
their equations are virtually the same. Thus Ax + By+ 0=0 
and X {Ax+By) + 0'= are parallel. 
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Thus the line Ax + C= ia parallel to the line x=0, that 
is, to the axis of y. 

Again, the lines f/ = mx -\-c, y= mx + c' are parallel, as may 
also be proved from the equality of theii direction-angles. 

35. To find the condition that the lines Ax+By + O ... (1), 
A'x + B'y-hC ... (2), A"x + B"y-i-C" ... (3), may meet in a 
point. 

Since (1) is to pass through the intersection of (2) and (3), 
the co-ordinates of the intersection of (2) and (3) may satisfy (l). 
That is (Art. 33), 
A{B'C"-B"C') + B{O'A"-A"A') + O{A'£"~A"B') = 0. 

This is the required condition, and is the resolt of eliminating 
X and z/ from the equations to the three lines. 

Ex. The lines ^ = mx, y = (i, x = (i meet in a point. So 
do the lines 

Ax^By + C, A'x^B'y+0, Ax-\'By + 0-\{A'x + B'y^<J), 
but this example deserves a separate examination. 

36. IM Ax + By + O = 0...{\),A:x-^ By +G- = 0...{^)'ht 
equations to two given lines. Then 

Ax+By + C = X{A'x + Ey+C') (3) 

ia of the lirst degree and therefore represents some straight 
line. 

Also the point of intersection of (I) and (2) lies on this line, 
for since the Ax + By+ G and the A'x + B'y + G' of that point 
are both zero, the co-ordinates of that point, substituted for x and 
y in (3), give = 0. 

Thus (3) represents some straight line passing through the 
point of intersection of (l) and (2). Call that point P: then by 
giving different values to X, we get different straight lines 
through P. 

But can we by giving a value to X make (3) represent any 
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straight line through P? Yea ; for let FQ be any such line and 
let it be required to determine \ so that (3), shall represent the 
line FQ. Let ar, , ?/j be the co-ordinates of Q. 
Since Q is to lie on (3) we must have 

Ax^ +Bi/,+ 0=X {A'x, + B'y^ + C"), 

Thus the value to be given to X is . , ' vrn/'^Tc' ' ^^^ ^^^ 
equation to PQ is - 
visibly satisfied by the values x,, y, oi x, y. 

Ex, y = mx is the equation to a line through the inter- 
section of «/ = 0, a; = 0, and \ij giving a proper value to m can 
be made to repvesent any straight line through the origin. 



Ax-\-By+ C ^ _A x^ + By,+ C 
' A'x + B'y + C A'x, + B'y, + C" ^ 



The equation to the line joining a;, , y^ to the ori; 



;m IS ^- — -^ 



^1 2/i 

37. It has been proved that the equation 

Ax+By + C = A.(A'x + E'y + C) 
can iy giving the right value to X ie made the eguation to any 
straight Un^pmsing through the intersection of Ax + By + C and 
A's + B'y + C. Convei-sely, the equation to any line through that 
point of intersection must he of the form 

Ax + By + G = X (A'x + B'y + C). 

38. To find the equation to the line through two given points 
X,, y, and Xg, y^. 

The firet point is the intersection of the lines x = x^,y = y^; 
thus the required equation must be of the form 

' = a constant (1). 

Now cCj, y.j lies on the line; therefore x^, y^ satisfy (1) ; that is, 

i- = the constant. 
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Thus tire reqaired equation is 

y~y~ y^-Vt ^ ^'^-^i" Vi~y, 

Another form ia of course = - — - (3). 

Another is 

^(^i-3'a)+y(^.-^i)+a^,*'2-a;,^, = (4), 

which asserts that the area of the triangle whose vertices are 
»,«/,, x^y^ and xy is zero. 

Up to this point of Chapter iii, the axes may have been 
inclined at any angle. We shall now suppose them rectangular 
until farther notice. 

39. The equation Ax + By+ = <i (1) can be reduced to 
the form iccosa + ^sina— _p = (2). 

For (1) and (2) are identical if . = — „- = —S , in which 



case by Lemma (2) each ratio == * / r^ — ? 

•' "• ■' V A^ + 1 



V^^+ff 



1 hus cos a = — ■ , am a = -; -— ; , and p = 



^/jF+B'' 'JA' + B'' ^ '/A' + I^' 

The mle for reducing any equation of the form (I) to the 
form (2) is therefore this: Divide by the square root of the sum 
of the squares of the coefBcients of x and y. 

Thus 2a: - -u + 5 = becomes — _ ^ + i/5 = 0. 

V5 V5 

Also the length of the perpendicular from the origin on the 

line is the numerical value of ,- ■.■.■- - - , and the dii-ection-cosines 

A -B 
of this perpendicular are - ,.. .. — - , , 

T. a. 3 
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40. To Jind the angle between two lines whose directions are 
[1, m], p, »■]. 

If a, a' be the angles whose cosines are Z, V, a ~ a' is the angle 
required, and cos (a ~ a') = cos a cos a' + sin a sin a.' = W + mm'. 

The angle between the directions {l,m), {T,m') is the angle 
between ■■■■ - > ■ and ,, „ . , . „ and 



41. To Jind the angle between the lines Ax+By + C, 
A's+B'y+C. 

The parallels through the origin, which are inclined at the 
same angle as the given lines, are Ax + By, A'x + B'y or 

B~-A' B' -A" 
and these are in directions 

rs -A '] r B' ~A' 1 



\:' + BU' IV 



IVA" + B" ' VA' + B'A ' UA^ + B" ' Va:" + £"'\ ' 

The cosine of the angle between them is therefore by (9) 

AA'^BB' 

JlA''+B){A" + B^)' 

42. To find the condition that the lines Ax + By + C, 
A'x + B'y + C may be at right angles. 

The cosipe of the angle between the lines is the cosine of 
90°, and therefore ranishes. Thus the condition is 

AA'-^BB'=0. 

The directions (?, m), {V, m') are at right angles if 

IV + mm' = 0. (Art. 40.) 
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43. Two lines whici: are not at right angles make an acute 
and an obtuse angle, of which the cosines are numerically equal, 
but in sign opposite. Thus if we wish for the cosine of the 
obtuse angle in Art. 41, we must give to the radical the opposite 
sign to that of AJ! + BB. 

44. From Art 41, or ii-om a figure (see Euclid, i. 32), we 
can prove that the angle between y = 'm.x + c, and y = m'x+ c is 



The condition of perpendicularity is 1 -f mm = 0, for in this 
case the tangent of the angle is infinite. 

45. If A'x + By+ C be perpendicular to Ax + B^-i-G, 

then -g- = —J . Thus A'x + B'y + C" = can be put in the 

form Bx — Ay = a. constant, and this is the general form of 
equation to a straight line perpendicular to a given straight line 
Aa>+By-v 0. The x and y terms are deduced from those of 
the given equation by this rule: IniercTianffe or invert the 
coefficients of x and j, and alter the sign of one of them. 

Ex, To find the equation to a line through the point x' y' 

perpendicular to the line - +^= I. 

The equation must be of the form ax — hy= some constant, 
and what constant is determined by the point tc'j/'. For as id y' 
lies on the line we are drawing, a^ — h^ =, or is, tliat constant ; 
thus the equation required \sax — hy = a3^ — iy'. 

In like manner the equation to a line through x' y' parallel to 
Ax 4- £^ + <? is Ax \By = Ax' + By', and this result holds for 
any inclination of the axes. 

46. To pad the length of the perpendicular from ike point 
x' y on the line 

Ax + By + C=0 (1). 

3—2 
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36 THE STRAIGHT LINE. 

The equation to a liae through id y' paxallel to the given line 

is Ax + By-{Ax -\-By')=<i.. (2), 

and the perpendicular required is equal to the distance between 
the lines (1) and (2). 

Now the distances of (I) and (2) from the origin are, without 
regard to sign, equal to 

" _.„ar(^^+Sl: (3). 



jA^ff JA' + B' 

If the linra (1) and (2) lie on the same side of the origin, 
then Cand —{Ax'+Btf') have the same sign (Art. 24). Also 
in this case we require the difference of the distances from the 
origin. 

If the lines (1) and (2) lie onopposite sides of the origin, 
then G and — {Ax + By') have different signs. Also in this case 
we require the sum of the distances (3). 

Thus the distance required is in either case (without regard 
^ . . Ax' + By'+' 

distance is + -. ^-^ — . 

Ex. The distance of (0, 1) from ic — y = l is the numerical 



value of — T^— , or is J2. 



47- To find the angle between tlie lines 

y = mx + c, y = m'x + c', 
the axes being inclined at an angle w. 

By Art. 30, if a, a' be the inclinations of the lines to Ox, 
. j« sin 01 ^ , m sin a 



1 + m cos m ' 1 + wi' cos w ' 

and, by Euclid, i. 33, the angle between the lines is a ~ 
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T, , . , ,, tan a, ~ tan a' 

But tao (a -' a ) = - . - ■■ : ; 7 ■ 

^ I + tan a tan « 



Thiis the tangent of the angle between the lihea ia 



1 + (m + m) cos (o -Y mm ' 
and the condition of perpendicularity is 

l + {m + m) cos (o + mm' = 0, 



48. The axes heing inclined at an angle (o, to find the distance 
of the point x'y' from the line y = mx + 0. 




Let P be the point and PZ the pei-pendicnlar on the given 
line AS. Draw PQM parallel to Fmeeting AB, OX in Q, M. 

Then OM=^x',&nd ^i/'=ma!' + c, and i'Jlf=y, therefore 

PQ =y' ~- "mx — c. 
And FZ=B^wipqZ= {y' - ma;' -c) sin QBY. 
Now hy Art. 30, 

BinQBY^-, ''"" 
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tterfore FZ= 'f^^^ M^,. 

VI +2WIC0S w + m' 

Of course the same method could Iiaveheen used with rect- 
angular axes. 

49. To find the, polar equation to the line joining (r,^,) and 

Let Ar coae + Br 3me+ 0=0 (!) 

be the equation required, the ratios of A, B, C "being as yet 
undetermined. Since the points {r^ 9^, {r^ 0^) lie on the line, 

Ar^co3 0^ + Br^sme+O=O (2), 

Ar^cose + Br^sm0+ C=0 (3). 

Ey Lemma (1) we can find from (2) and (3) the ratios of 
A, B, G. Substitute these in (1). The result of this ehminating 



rr^Binie-0,)+r^r,fim{e^-e,)-i-r,r sin {0^-0)^0 (4). 

Let P be any point (r, 6) on the line, and P^, P^ the given 
points. 

Then equation (4) asserts that of the triangles OPP^, OP^P^, 
OPJ*, one is equal to the sum of the other two. And from this 
fact the equation could have been derived. 



Transformation of Co-ordinates. 

50. It is often convenient to change the origin from the 
position first fixed upon to some other point in the plane of 
operations, without altering the direction of the axes. 

If S, h be the co-ordinates of the new origin 0', referred to 
the old axes OX, T, and xy be any point referred to OX, OT, 
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a^y' the same point referred to tlie new axes OX', O'T, tlien, 

r/ /Y' 




as the reader will easily prove by a figure, 
a; = a!' + A, y = y' + h. 

Ex. What will be the equation to the line 2a: ~ % = 3 when 
the origin is transferred to (1, —9)? Here a5 = a3' + 1, y = y' — 2. 
Therefore 2a; — 3y = 23)'— 81/ and the new equation is 2a;'— 8^=3, 
or, accents suppressed, 2a; — 8y =s 3. 

To transform any equation by moving the origin to {h, h), 
write x+h for a! and ^ + Z; for y. 

51. To change the axes from one rectangular system to another 
e origin. 

\Y' y 




Let X, y he co-ordinatea of any point P referred to the old 
axes OX, OY; x',y the co-ordinates of P referred to the new 
axes OX, OY ; and let the angle XOX' be 0. Then OM is 
the projection of tlie broken line OM'P on OX, and therefore 

= O-M'eos5-PM'sin0, 
that is, a; = a;' cos 0-2/' sin 5 (I). 
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Similarly, hj projecting OM'F on Y, we get 



The angle d was measured towards OT. Thus if OJC had 
the angle between OY produced backwards and OX, 

9 would be — — . 



52. Other cases of transformation in Cartesian co-ordinates 
might be proposed, and some will be found in the examples. 

"We can, as hinted in Aii:. 29, transform an equation from 
Cartesian to Polar co-ordinates by wiiting Ir for x and mr for y, 
I and m being the direction-ratios of r. 



Thus the eijuation xy = a^ becomes -^ = 



hi. 



53. We shall conclude this chapter with the solution of 
four problems. 

(1) The lines drawn from the anghs of a triangle pBrpendtm- 
lar to ike opposite sides meet in a point. 




Let ABC be the triangle, and let AL, BM, ON be the three 
perpendiculars. Take L for origin, and LO, LA for axes of 
X and y. 

Let -^0=/, LB^g, LA^h. 

Then the equation to AO is ■>^-^= I| and the equation to 
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BM, i. e. to a line through (- ff, 0) perpendicular to AB, is 

-j+|=f(^-») «• 

The equation to AB, since tha intercepts of AB are - g, h, is 



The equation to ON, that is, to a line through {f, 0) perpen- 
dicular to AB is 

f + |-{ P)- 

The point where 5j¥, CN meet is found "by combining (1) 
and (2). 

It ia the point x — Q, y = -'-^. 

And this point lies on tlie line a; = 0, that is, on AL. Thus 
AL, BM, CN meet ia a point. 

Call this point the Orthocentre of the triangle ABC, or of the 
points A, B, G; and let it be B. Then of the four points A, B, 
C, D, any one ia the orthocentre of the other three. 

(2) ABC is a triangle right-angled at C. CD is at right 
angles to AB, CE hiseots the angle ACB, and CF bisects AB in F. 
A line from B at right angles to CF meets CB in a, and B^ is at 
right angles to CB and meets CE in /3. Prove that the points 
a, ;9, F He in a straight line. 

Take GA, GB for axes of x and y, and let GA = a, CB= h. 
Then the equations to GD, OE, GF ai-e 

ax=^hy (1), x = y (2), |=f (3), 

the first "being obtained from the equation to AB (Art, 45). 

Also the equation to Bix is ax-^-hy = V (4), and the equa- 
tion to B^ is x-\y = h (5). 

The co-ordinatfia of a, found by combining (1) and (4), are 
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2a' 2' 
h h 



THE STRAIGHT LINE. 
Those of |S, found by combining (2) and (5), are 



Therefore the equation to a/3, s 



a and /9 have the same y 



This equation is satisfied by the co-ordinates of F. That is, 
F lies on the line a/3, 

(3) A point moves so that the difference of the squares of its 
distances from two given points is constant. Find the locus of the 
point. 




Take the line joining the two given points A, B for the axis of 
X, and the middle point of AB for origin. Let OA = a, and let 
xy be the moving point P. Then 

PA''=={x~ay + if, and PB^^ix + aY-i-f. 

K then FB'^ — FA^ = a constant quantity F, 

^ax = U and a; = y- . 

This is the equation to P's locus, and thus F moves in a 
straight line perpendicular to AB and distant j- from the mid- 
dle point of AB, 
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We have confined ourselves to tlie case in which PB > PA. 
Strictly speaking, the locus is two straight lines which coincide 
when Jc is aero. 

(4) O -is a fixe,d foint and OAB is any line through O meet- 
ing in A, B tv)o given lines Aa, B/3. 

In OAB a point P is taken such that 

DP'OA + OB* 

What is Ih". loom of F? 




Take forpole and draw an initial line OX. Let the equa- 
tions 'to Aa, Sff be 

- = acosd + hsla0, - = d cos 6-^h' sin d, 

(these are perfectly general forms). 

If the angle XOP he e, then -k-v = <t cos ^ + 5 sin 0, and 

■s ^ + 5' sin e ; 



OB 



and 



1 



1 



1 



= (a 4 a') cos ^+ (5 + 5') 3m ^. 



OF OA "^ OB 
That is, at P, i = (a + a') cos 5 +(& + h') sin ^. 
Thus the locus of P is a straight line. 
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ExAfliPLES ON Chapter III. 

Aets. 32—38. 

1. Find the point of intersection of the linea 

ZiG + ay = i, y = 7x+l (m). 

2. The lines 

2a;-3y + 5, x—y + i, 5x-Gy + 20, 
meet in a point (w). 

3. Prove that the equation y — 'k=m{x — k) can hy giving 
a proper value to m be made tlie ec[Tiation to any straight line 
through [Ji, h) (w). 

4. Find the equations to the straight lines through the point 
(1, — 2), whose acute angles of inclination to Ox are each 45". 

5. Find the equation to a line through the point {h, h) 
parallel to the line y=mx.. (w). 

6. Find the equation to the line which joins the origin to 
the intersection of the lines 



ti= 



f!=i (»)■ 



7. Find the equations to the lines which pass through the 
following pairs of points : 

(1) («,S), (-a, -5), (2) (2,-1), (-3,0), 
(3) (i,7), (4,1), (4) (0,«),(0, -«)...((«). 

Arts. 39—50. 

8. Find the distances of the lines 

from the origin, and find the distance between the lines. 

9. Find the angle between the lines 

y = 2x, y = Zx+ 4^, 
and the distances of these lines from the point (3, 6). 
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10. Apply Art. 33 to find the condition of parallelism of 
tlie lines Ax + S^+ C, Ax + B'y + G'. 

11. Findtheequationa to two lines through the point (0,-1), 
one parallel and the other pei-pendicular to the line 2x — Zy-\- 5. 

12. Mild the ec[uation to a line through the origin per- 
pendicular to the line joining the points [a., h), (c, (Q, Find 
also the length of this perpendicular. 

13. Apply Arts. 9 and 4G to find the area of a triangle 
whose vertices are given. 

14. The axes being inclined at 120°, find the angle between 
iJie lines a; + % = 0, ic - 1/ = 0, and the equation to a line through 
the point (1, — 1) perpendictJao' to the line ?/ + 3ai = 2. 

15. The distance of the point a;y from the line Aia-\-By'-\- 

{Aa^ + By + 0) sin w 
V-4^ - 2,45cos M + B^' 

16. The condition that the lines 

Ax-^-By^ 0, A'x + B'y + G, 
may be equally Inclined to the axis of x in opposite directions is 
B B' 
A-^A=^''''' (-)■ 

17. Find the equations to the bisectors of the angles between 
the axes, and shew that these bisectors are at right angles. , . (w). 

18. Deduce the result of Art. 49 from that of Art. 38. 

Arts. 50 — 52. 

19. Transform the equation a!' + y' = 2cx, by changing the 
origin to the point {c, 0) (w). 

20. Transform x^—y^ = a" by turning the ases through 45". 

21. Transform r^ = a' cos 2(9 to rectangular eo-ordinatea. 
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22. If the origin be transferred to the poiiit 7i, k, and the 
axes be then turned through an angle d, the formulae of 
transformation will bo 

x = ai' cos — /sm 9 -i-h, y = ^ sin Q-\-y' z,o%Q-^h, 

23. The degree of an equation cannot be altered by any 
transformation in rectangular co-ordinates. Could it be altered 
by any transformation in oblique co-ordinates? 

24. Transform tbe equation y' = lx, so that the axis of x 
may-remain unchanged while that of ^ is brought nearer to it by 
30 degrees. 

25. Obtain formula for transforming from a system of 
rectangular co-ordinates to a system which has the lines 

y = x tan a, y = x tail y3 
for axes. 

26. Find the area of the triangle formed by the three lines 

y = Q, y + x = a, y^mx + o. 

27. Why is the condition in Ex. IG free from G and G'1 



28. Find the equation to a line perpendicular to the axis of 
X through the point (A, k) (w). 

29. In the figure to Euclid, i. 47, the lines FC, KB, AL 
meet in a point. 

30. Prore by talcing two sides for axes that the lines drawn 
from the angles of a triangle to the middle points of the opposite 
sides meet in a point. 

31. A point moves so that the sura of the squares of its 
distances from two points x^y^^ x^^ is equal to the sum of the 
squares of its distances from two other points x^^, x^^. Prove 
that the locus of the point is the straight line 

2a! (a;, -1- a;, - ic, - a;,) + 2!/ (a^j -I- y^ - ^, - yj 
= x^ + x^ ~ a;/ - x' + y^ 4- y^ - y^ - y^\ 
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32. A point movea so that tiie sum of the squares of its 
diatancea from w given points = the sum of the squarea of its 
distances fix>m n other given points. Find the locua of the point. 

33. A line OP meets n fixed lines in A^,A^...A„, and ia 

•^■* 

locus of P is a straight line. 

34. If the equation to a straight line involve some unknown 
constant in the first degree, and all the other constants lie known, 
the line passes through a known point (w). 

35. Through the intersection of 3/ — 2a;=l, a; + % = 6, 
draw a line perpendicular to 2j/ + ias = 7. 

36. Upon the sides of a triangle as diagonals parallelograms 
are described, having their sides parallel to two given lines. 
Prove that the other diagonals of the parallelograms meet in a 
point (m). 

37. Find the equations to the straight lines through the 
point (1, 3) which are inclined at 30" to the Hue tc + jVs = 2. 

38. If AL, BM, ON he the perpendiculars from A, B, 0, 
on BC, OA, AB and MN, NL, LM meet BO, GA, AB respec- 
tively in F, &, H, then F, Q,E\ie, in a straight Kne. 

39. A straight line moves so that the sum of the reciprocal 
of its intercepts is constant. Prove that it passes through a 
fixed point. 
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CHAPTER IV. 



THE STRAIGHT LINE, 



54. We now return to tlie subject of Art 21. 

The equation 0;° — ^ = 0, or {x~y){x-^y)=0 (1), is satis- 
fied hj the co-ordinates of any point whose x — y vanishes, and 
by the co-ordinates of any point whose x + y vanishes : and if 
neither the x — y nor the x + y of a given point vanishes, the 
co-ordinates of that point do not satisfy the equation (1), 

That is to say, the equation (1) is satisfied by the co-ordi- 
nates of any point which lies in one of the straight Hues x — y, 
x + y, and by no other point. 

Equation (1) represents therefore two straight lines, namely 
the lines x — y, x+y. 

In like manner the equation (te - 23/ + 1) (2ic -1- 3^ -|- 2) = 0, 
represents two straight lines, namely, the lines ic- 2^4-1, 
2a; -i- 3?/ -}- 2. 

The equation {x — y + a) (x — y) =(S represents two parallel 
straight lines of which one approaches nearer and nearer to the 
other as a is made more and more nearly equal to zero. 

If « be zero, these lines are coincident. Thus {x — yy=-0 
represents two coincident straight lines, 

The equation {x~2y) l^x-y^^) {x-'2,y + c) = (i repre- 
sents three straight lines, namely, x — ly, 2a! — J/-1-3, and 
a; - 2)/ + <!, of which two are pai'allel. The equation 

(a!-2^r(2a!-^ + 3) = 
represents three straight lines, of which two ai'e couicident. 

The equation y' — bxy -F Sy = represents two straight lines, 
3/ = 2ir, i/ = 3a;, passing through the origin. 
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The equation Aa? + Bx^/ + Cif' — represents two straight 
lines passing through the origin : for if p., ^ te the roots of the 
equation 

Cs' + Bz + A^O, 

then (7s= + Ss + -4 = (s - a) {s ~ $) identically : 

therefore Ac^ + Bxy + Cif = x'\c(^^' + b(^+a\ 

Thus the two straight lines am y= ax, y — ^x. The lines 
coincide if a = /3, i. e. if S^ - 4^1 C = 0. 

And, generally, any homogeneous equation represents a aeries 
of straight lines through the origin. For 

A^y'' + A,y''~^x+A^7/''^x^+...+A^_^yx'''''^ + A^ai'' = Q...{X) 

is the general type of such equations, n being a positive integer. 
Now if a,, ttg ... «„ be the roots of 

^X + A^''"'+-" + ^«-i^ + ^» = (2)' 

then the fij-st side of (2) 

= A„{z- a,) (s - Oj) . . . (s - a„) identically. 
Thus the first side of (1) 

=^.-g-'.)e-'-) g-) 

= A,{y- a,x)(y- a^) {y-^.x). 

Therefore the locus of (1) consists of n straight lines f 
through the origin. 

Ex. J/' — Zo^y + 2a:^ = represents three straight lines 

2/+ 2a;, y-x, y~x, 

of which two arc coincident. 

T. G. ^ 
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The equation Sa:' — 26a: + 21 = represents two straight lines 
parallel to the axis of y : 

If/{ic) denote yl„x"+^,i»""'+...+^„, so that 

then /(a;) =0 represents n straight lines parallel to the axis 
of ^. 

Similarly f{y)=^ represents n straight lines parallel to the 
axis of X. 

^he equation 

{A^x + B^y+ CJ [A^ + B^y^ (7J...{Aa' + ^^ + 0.) =<» (3) 

represents n straight lines, viz. those corresponding to the several 
factors. 

If ^ = § = §, \.^.\i{A^x^B,y + 0.;}{A^■\-B,y^■G,) be 

a perfect square, then two of the n straight lines coincide. If a 
perfect r^ power occur in the product of the n linear factors, there 
correspond r coincident lines in the locus. 

If 0„ G^... C„ all vanish, equation (3) is homogeneous, and 
all the lines pass through the origin. 

If .4,, A^ ■••A^ all vanish, the lines are all parallel to the 
axis of y. If B^, B^...B„ all vanish, the lines are all parallel 
to the axis of iB. 

All these remarks apply equally to oUique and rectangular 
co-ordinates. The polar equation to a series of lines through 
the origin is the same as the Cartesian, but has I and m for x 
and ^. (Art. 52.) 

55, To find the angle between the straight lines 
the axes hetng rectangular. 
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Let m,, m^ be tte values of 2 in the equation 
C^ + Sz + A=0, 

that wj, + Mj = — -T^ , m^m^ = ^ • 

Then the tangent of the angle 



1 + m,m. 



The straight lines coincide ii S''-~iAO = (in which case 
Aa? + Bxy + 0'^ \% a perfect square), and they are at right 
angles if j1 + t? = 0, i, 0. if the coefficients of ^ and ^ he equal 
and of opposite signs. Thus the lines 2a^ - 3aij/ — 2^ = are 
at right angles, 

56. We return to oblique co-ordinates. We know that 
the equation 4a; — 5^ + 6 = (1) represents a atraiglit line, which 
we may call ' the line ix-by- 6.' This line may with equal 
propriety be called ' the line - 4ic + Sjr + 6/ Every straight 
line, in fact, has two names. The lines Ax + By+GiB also the 
line —Ax~By-~ 0: the line x is also the line —x. Can any 
use be made of this duality ? 

The ix — 5y — 6 of any point which is not on the line (1), 
does not vanish ; thus the ix — 5y — &ai the origin is — 6 : the 
icc — 5y~G of a point on the axis of a: at a very great distance is 
positive. This point is on the opposite side of the line from the 
origin. The ix— 5y — 6 of any point on the same side of the 
line as the origin is negative, and the 4a; - 5^— 6 of any point 
on the other side of the line is positive. 

In like manner the Ax + By+ O^a of any two points lying 
on opposite sides of the line Ax + By-\- C are of opposite signs. 
For, in the first place, the Ax+By+ Coia. point cannot change 
its sign without passing through the value zero, that is, the 
Ax + By + C? of a point is the same so long as the point remains 
on one side of the line. It only remains to prove that the signs 
on opposite sides of the line are not the same. To the reader of 

4—2 
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the Differeotial Calcnlus tliia will be evident, since -4a! + B1/ + O 
cannot, being linear, have a maximum or minimum value. But 
we may also satisfy ourselves by taking scveraJly the special 
oases which arise by giving various signs to A, B, G. For 
instance, let A, B; G be all positive. Then tbe line crosses the 
axes in the third quadrant, and the Ax + By + of the origin is 
positive, while that of the point (— od , 0), a point on the opposite 
side of the line, is negative. Or again, suppose A positive, B 
negative, and G zero. Then the line passes through the origin 
and lies in the first and third compartments. We cannot now 
use the origin for a testing point, but we may take two such 
points as (1, 0), (—1, 0), wliich lie on opposite sides of the line. 
The Ax + By of the one is A, and that of the other — A. Simi- 
larly other cases may be treated. Thus every straight line has 
two sides, a positive and a negative. Which shall be positive we 
determine by the manner in which we name the line. The 
origin is on the positive side of the line x — '2y + \, but oh the 
negative side of the line —x-\-2y—\. 

This throws light on the occurrence of the radical in the ex- 
pression for the length of the perpendicular from the point xy on 
the line Ate + By + Ci' and we see that wlien we have once fixed 
on the name Ax + By 4- C of a line, then the Ax + By + of 
any point varies as the distance of the point from the line, for tho 
only variable part of the expression aforesaid is Ax + By + 0. 
Thus: the x of any point varies as the distance of the point 
from a certain line, being actnally that distance in the case of 
rectangular co-ordinates. The x cos a + y sma—p of any point 
is the diatMice of that point from the line 
X cos a + ysina — p. 

57. A point is equidistant from tho lines 

xcosa-^yBina—p, a;cos^ +(/sin/3 — g, 
if its a: cos a -I- )/ sin a — p and a]C0S)S + 7sin/3 — 2 be numeri- 
cally equal: that is to say, ttie equations 

tccosa + ^sin ci—p — xcos0 + y sin^—q (!.) 

xcoaa + y sin a —p = — (.-»; cos (3 + 2/ sin /3 - i^) (2) 
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represent the liiscctora of the angles between tlie straight lines 

xcosa + yema-p (3) 

iccos^ + ^sin0~g (4). 




The Hues (3), (4) have ea«h a positive and a negative side. 
Thus they divide the plane of operations into four compartments, 
of which one' is entirely on the positive side of both lines, and 
another, namely the vertically opposite, entirely on the negative 
side of both lines. In these two compartments lies the bi- 
sector (1). In the other two lies the bisector (2). 

Ex. To find the equations to the bisectors of the angles 
between the lines 

Expressed in the form 

X cos a + s/ sin « —p — 0, 
the given equations are 

Vs V3 Vs Vio Vio Vio 

Thtis the required equations are 

(2 Va + 3) it! + (Va + 1) ^ - (V2 + 2) = 0, 

and (2 V2 - S) cc + (V2 - 1) y + 2 - V2 = 0. 

58. To jlnd the equation to ike bisectors of tJie angle letwem 
the lines 

Aa? + Bxy + C/ = 0. 

Let the given lines be y = 'm^w, y = m^., ao that )»j, m, are 
the roots of Oz'' + Sz + A = 0. 
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The bisectors of tlie angles lietween y = 


= JK-jiB, p = mjc 


y-m^x 


' ^-'"^ and ^"'"'^- 


. ^-^.^ 


'^l + m- 


' Vl+m/ Vl + < 


Vl+m; 


These linea 


are expressed by the single 
iy-m^xy {y-m^xf 


equation 
0. 



1 + ^1° 1+m^ ' 

!/° (jrtj 4- >»i) + 2xy (1 — m^m^) -a?{m,^ + mj = 0, 



We see hy Art. 55 that these straight liileg are at right 
angles. 

59. Given that the eguation 

Aa^ + Bxy+Cf + Dx + Sy + F^O (1) 

represents two straight lines, to find ike angle between them. 

Let hTc he the point of intersection of the two lines. Transfer 
the origin to hk, by writing x-^h, y-^h for x, y. The new 
equation is 

Ax''-vBxy+ 6y = 0, 

for, as both the lines pass through the new origin, the terms of 
one dimension and the constant terra disappear. 

The angle between the lines is therefore tan"'' — . „ -- . 

Thus the angle between the lines represented by equation (1) 
is the same as the angle between the lines 

A7?-\-Bxy+Cf = Q (2), 

i.a the same as the angle between the lines represented by the 
terms of highest dimensions in the equation (l). And in fact 
the lines (1) are parallel to the lines (2). 



60, In, discussing the equation 
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we have supposed the first side to be the product of tw6 real 
linear factors. If, however, ^^ he less than iA G the factors will 
he imaginary, and the locus consists of two imaginary straight 
lines, viz. 



^'^ 23 ^.a;-Oandy+— "^ '.x=0. 

These imaginary straight lines intersect in a real point, viz. the 
origin: for their equations are each satisfied by making 

x = Q, y = 0. 
Ex. a^ + y = represents the two imaginary straight lines 

which intersect in a real point, viz. the origin. 

61. In what cases does the expression 

a:^-^hxi/ + c^+dx + ei/+f (1) 

break up into two factors ? For instance, how are we to know 
whether 

2s? - Idxy + 6/ - 3a! - 2j/ + 6 

does or does not so break up? The expression (1) includes all 
those varieties of the rational and integral fnuction of variables 
which are of the second degree, but it is convenient to replace it 
by an equally general form 

ax^->rhi/' + c + 2a'y + 2h'x + 2c'mj. (2) 

Now if (2) be of the form 

{Ax + Bij + C) {J:x + By + 0') , 

then by equating (2) to zero, and solving the equation for y, 

1.. . fi J * ^-1 * Ax+G A'x+ a . 
we ought to nnd two rational roots, n~" » ~ " E — ' 

rational, that is to say, aa fax as io is concerned, for A, B, G 



y Google 



56 THE STRAIGHT LINE. 

may be aurds or even imaginary. Now that the equation 

ac^ + hy^-k-a-h- 2a'y + 2b'x 4- 2caiy = 
may give two sucli rational values for y, it is necMSsary and 
sufficient that 

(«' + cxY - i [aa? + c + 'ih'x) 
be a perfect square: that is, that 

{a'c' - bh'Y - (c'= - ab) [a^ - ho) may = 0. 

Thus if 

{dc-hby={d'-ah){a'-lc), 
or, which is the same things if 

abc-^^a'h'c —aa'^~bb'-~cc^ = i> (3), 

tJien 

ax" -Vby" + c-V^<^y + 'iVa: ■\-2c'xy (2) 

breaks up into two linear fectors. 

We have supposed b not zero. If & = 0, then, if a be not 
zero, solution with regard to x leads to the same result If 
both a and 5 = 0^ then we may reason thus : The expression (2) 



y {^c'x + 2«') + {2h'x + cj, 

and this cannot be the product of two linear factors unless 
2c'iE + 2a' be an eaact multiple of 2h'x + c. This requires that 

Ti shall =— , or 2ffl'6'= cc', which is indeed what (3) tells us, since 

c" is not zero. Hence (3) is universally applicable. 

It is also the condition under which 

aa>' + hy^ + cs^ — 2dyz — 2b'six - 2o'xy (4) 

breaks up into two factors of the form 

Ax+By+ Gz, A'x +S'y+ C'z, 

and the expression on the left-hand side of (3) is called the 
DiscHminomt of the expression (4) . 
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Es, What value must we give to 7t in order that 
Xx' +xy+^ — 2x — Sy+l 
may break op into two factors ? 

Here a^X, 5 = 1, c = l,.a' = -|, b' = -l, c' = ^, 
thua (3) becomes 



Examples on Chaptek IV. 

1. What are the loci of the following equations ? 

(1) ^-«= = 0. (2) {x^ay + (j-by=0, 
(3) ix-a)iy-b)^0, (4) r/ + ia^ + B^ = 0, 
(5) y + 4a^ + 4y = 0, (6) ^=-a^ = (w) 

2. Find the condition that one of the lines 

aa^ + 2ha^ + (Mf — (), 
may coincide with one of the lines 

a'x' + 25'a^ + c'^° = (w) 

3. The lines i^y^-\-Jll.xy = a? include an angle of 60°. 

4. Prove that the points (1, 2), (3,-4), lie on opposite sides 
of the line 3a; — 2^ = 1, and on the same side of the line 3x = y. 

5. Two lines are drawn in directions [i,m,'] [f,m']. Prove 
that the bisectors of the angles between them are in directions 

{l + T,m + m'), {l—l',m — m'). 

6. Find the bisectors of the angles between ^Icc + By + C, 
aniA'x+B'y+0', 
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7. Given tliaf as^ + hif + c+2a'y ■^'ib'x + '2<^xy=Q^ repre- 
sents two straight lines, prove that at their point of intersection 
Oic 4- c'y + 5' = and ex + hi/ + a' = 0. (See Art. 50.) 

8. Prove that the equation in Ex. 7 lepresenta two straight 
lines if the equations 

ax + i^i/ + h'z = 0, c'cs,+ hy + a'z = 0, 
and h'x + ay + cz = 0, 

can exist together for other values of a;, y,. z than 0, 0, 0. 

9. Does a? — 4a;y + 4^ + 6ic - 12^ +9 = 0, represent two 
straight lines ? (tu) 

10. What value must be given to/in order that 

^ +/y + 3icy + ai + y = 1, 
may represent two straight lines ? {<•>) 

11. "What values must be given toy and g in order that 

a? -^-fy^ -ir^xy -V x-vgy = l, 
may represent two straightlines intersecting in the axis of ic ? (w) 

12. Find the area of the parallelogram whose sides are 
Ax + By+G, Ax + By-vC, ax+hy + o, ax + hy+o', 

and the equations to the diagonals, 

13. Interpret the equation sin 30 = 0. 

14. Find the equation to a line passing' through a given 
point and dividing the line joining two other points in a given 
ratio. 

The angular points of a triangle are x^y„ ss^y^' ^a^a* Prove 
that the bisector of the angle at ^j y^ is represented by 
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15, Eind the ratio in which the line joining a;^,, x^y^, is cut 
by the line Ax-\-By-\- G. (a) 

16. A line is drawn firom the point a/ y' in direction [Z, m], 
to meet the line Ax + By + G. Prove that its length ia 

Ax' + By'+G 



Al + Bm 



w 



17. A line is drawn in a given direction and ia terminated 
by two given lines. Find the locus of a point which divides it 
in a given ratio, (w) 

18. Prove by a figiiro that the distance o^x'y' frOra the line 
£BCOBa+ycosy3=j), is iccosa+^cos/3— ^, 

or p—xcoBCL—ycos^, 

according as x'y is or is not oh the origin-side of the line. 

19. FAB, PGD are triangles on given bases AB, CD, and 
the sum of their areas is constant. Find the locus of P. Is this 
locus infinite ? 

20. One vertex of a rigid triangle is fixed, anct another 
moves along a given straight line. Find the locus of the 
third. 
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CHAPTER V. 

ABRIDGED NOTATION OF THE STRAIGHT LINE. 



62. Let the symtol L denote the expression Ax + By+ 0. 

Then i= is the ecLuatioa to a straight line, Mid we may call 

this line 'the line L\ If J/ denote A!x + By-^ C, ili"=0 is the 

equation to 'the eti-aight line M\aji.AL = xM, hy giving the 

right value to X, can he made to represent any straight line 

passing through the point where the lines L and M intersect 

(Art. 37). Thus if we wish for the equation to the straight line 

joining that point to the point [h, h) : — let L^, M,, he the special 

values of L, M ohtained by substituting It, h for x, y : then the 

. .. L M 
equation required is y = ly • 

The L of any point is proportional to the distance of that 
point from the line L, being in fact equal to the length of that 
distance 

X ^ . — — ^ (Chap, ni, Ex. 15). 

sinw i r ' 

So long aa the i of a point remains the same, the point is on 
the same straight line parallel to the line L. The equation to 
any straight line parallel to the line L is expressible in the 
form L = constant. If the L's of two points have the same sign 
the points lie on the same side of the line L, and if their i's 
have different signs the points he on opposite sides of the line L. 
The lines L = c, L = — c are parallel to the line L, on opposite 
sides of it, and equidistant from it. 

The lines L, M divide the plane of operations into 4 compart- 
ments. The lines L — XM lies in two of these and the line 
L + XM in the other two. For let P he a point in the line 
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L — XM, and Q a point in the line L-'r'h.M, and let P, Q be on 

the same side of the line M: then the M'& of P and Q have the 
same sigaa, and therefore, as appears from the equations L = XM, 
L = — XM, the i's of P and Q have opposite signs : that is, P 
and Q arc on opposite sides of the line L. If \ he positive, the 
line L — XM lies in the + + compartment and in the com- 
partment; and the line i + XJ/lies in the +— compartment 
and the — I- compartment : for at any point in 




the first line the L and M have the same sign, since their ratio 
is the positive quantity X : and at any point in the other line the 
L and M have opposite signs, since their ratio is the negative 
quantity — \, 

63. If L) M, N\yG three given lines not meeting in a pomt, 
then the equation lL + mM-\-'n,N=(i (I) can, by giving values 
to I, m, n which shall he iit a proper proportion, be made to 
represent any straight line whatever. For let the proposed 
straight line be that which joins the points x^^, x^y^. Let L^, 
M^, N^ be the values which L, M, N take when ic,, y^ are 
substituted for x, y; in other words, let i,, J/„ N^ be the- 
L, M, N of x^y, : and let L^, Jf„ N^ be the L, M, N of x^y^. 
Then, for determining the ratios of I, m, n we have the equations 
LJ, + M^m + JVjJj = 0, L^ + M^m + N^n = : whence 

Thus the equation sought for is 
(M^N, - M,N) L + (.N,L^ - L,N^) M + (L,M^ - L,M^) i\r= o. . . . (2) 

If the straight lines L, M, N meet in a point, N is of the 
form XL + iJ,M(X, (i being constants) and equation (2) becomes 
an identity. The form IL + mM -V nN — can in this case only 
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represrait lines passing through t!ie point of intersection of the 
lines L, M, N, being equivalent to 

{I + Xn) L -{- (m + izn) M=0. 

64. As an example of the method of ahridged notation we 
shall now solve the following problem. 

On the sides BC, GA, AB of a triangle ABG pairs of points 
are taken, B^, <7,; 0^, A^; A^, B,, such that the points of inter- 
section of BC with jB,f7„ of CA with G^A^, and of AB with 
-^jB, lie in a straight line. BG^, CB^ intersect in P, CA^ in Q, 
and AB^, BA^ in E. Prove that AP, BQ, CM meet in a point. 




B L C 

Let X = 0, if ^ 0, N= be the equations to BO, GA, AB, 
and let M=XN, M=-K'N, N^f^L, N^fi'L, L = vM,L = v'M 
denote AB^, A G^, BO^, BA„ GA^, GB^ respectively. 

Then B^G^ joins the intersection of N, L~v'N to the 
intersection of M, N—/J.L, Suppose Its equation, then, to be 
kN+L~v'M'=0 or k'M+N-iiL = 0. (Art. 37.) 

From the identity of the two forms we get 



Thus tlie equation to B^O^ is 



M-o, 
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Similarly the ec[nations to C\A^, A^B^ are 

Now let IL+ mM+nKhe the line on which lie the inter- 
sections of B^G^, CjA^, Afi^ with the corresponding sides of tlie 
triangle. Then IL + 'm,M+ nN = is satisfied ty those Tallies 



i=0 and M=- 




therefore 

in — nfiv = 0, 


similarly 




n-lvX^a, 


and 




l~m\fi' =0, 


and therefore 




Xfip\'/i'y' =^l. 


Again; at P 


we have S' = imL,L = v'M: therefore P 



the line N = fi,v'M. Therefore, as this line passes through A, 
it is the line AP. Similarly L = vX'N, M= \/i'L are the lines 
BQ, CU. And as X/jj/K'/j.']/ = 1, these three equations can 
coexist, that is, AL, BM, ON meet in a point, 

65. Let theabbreviatedformlDe^— aicosa— y sin (ra— a)=0, 
p teing positive; and let a. stand for p—x cos a—y cos {at— a). Then 
all points with a positiye a are on the same side of the line as 
the origin. Let;S, in like manner, denote g-a; cos /3-!/ cos {(o—^), 
2 being positive. Then the a and yS of any point are its distances 
from the lines a, /3. The lines a- A a. + ^ are the bisectors of 
the angles between the lines a, /3. The Hues a — «yS, o. + k^ 
divide the angle between a. and /3 internally and externally so 
that the sines of the segments are as 1 to i. 
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Thus if AB, AO he the lines a, (3, and AP, AQ the lines 
n „ ^, sm FAB sin QAB 

a - «A , + «A the, anso- iii-gzc- 

If BPCQ he any transversal, or straight line drawn across 
the pencil of lines AB, AF, AG, AQ, then, as the reader can 
prove, BG is divided harmonically at P and Q, or, in other 
words, BPGQ is a harmonic range. The pencil of lines eman- 
ating from A ia called a harmonic pencil. 

In general, if AB, AP, AG, AQ be any four fixed straight 
lines which are met by a variable straight line in B, P, C, Q, 

the anharmomc ratio of the range BPCQ is -Tjp'^ ~po (^"^^S 
the ratio of the ratios in which BG is divided in the points P 
and Q), and this ratio is consfcint, being equal to 

sin BAP ^ sin BA Q 
&iu GAP ' sin CAQ' 

66. It is usual to reserve Greek letters for that form of 
equation which espresses a straight hne in terms of the distance 
from the origin, and the angular position of that distance. 

67. The Hnes L-kM,L + kM form with the lines X, M 
a harmonic pencil; for, if a, j3 be altered forms of L and M, 
i = a VjI^ + -B", and M = ^ "J A'^ + Ji"', so that the equations 

L-lcM=i), L+7eM=0 become a-Zc^-^j— ™.,S = 0,and 

a + /c y^ ^^ - t . -^' . M^ 0, which are of the form a-J/3=0, 

a + Aj8 = 0. It is not necessarily true that the lines L — M, 
L-^Mare the bisectors of the angles between L and M. They, 
however, form with L and JH a harmonic pencil. 

The line L — TcM makes with L and M angles equal to 
those which the line TcL — M makes with M, L, and the lines 
L— kM, L — kM lie in the same compartments. 

Ex. The line y^^x makes with Ox an angle equal to 
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that wliieh 3^ = a; makes witli Ot/, the axes being rectangular 
or oblic[ue. 

68. Let ABC he a triangle, ami let a, b, c "be the lengths of 
the sides BO, GA, AB. Also let a = 0, ;S = 0, 7= be the 
equations to these sides, the origin of coordinates being within 
the triangle. Then the a, ^, and 7 of any point P within the 
triangle are all positive. If PL, PM, PN be drawn perpen- 
dicular to the sides, 

PL = a, PM=/3. P.V = 7. 




Hence the areas of the tnangles BPO, CPA, APB are ^aa, 
^6jS, ^cj, and if A denote the area of the triangle ABO, 

aa+h0 + cy = 2& (1). 

This is an invariable algebraic relation connecting the a, /9, 7 
of a point in the plane of the lines a, /3, 7. A point outside the 
triangle has two of the quantities a, /3, 7 negative if it lie in one 
of the angles vertically opposite to the angles of the triangle: 
otherwise it has two of the quantities a, 0, 7 positive. 

69. We might have defined a, fi, 7 as the distanees of a 
point from the three sides BC, OA, AB of a triangle of reference 
ABG, regard being paid to algebraic sign, and thus we might es- 
tablish a system of Trilinear Coordinates on a basis independent 
of the Cartesian system. We shall, however, not abandon the 
rigbt of passing from one system to the other, but assume, in order 
to establish results in Trilinear Coordinates, any results we please 
in Cartesians. We may call the point whose distances from the 
aides of the triangle of reference are a/37 'the point a.^"/.' Thus 

A is the point — , Oj 0. 

T. 0. 5 
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70. TIic equation to any straight line can be put in the 
form 

/a 4- m/3 -)- W7 = (see Art. 63). 

In fact the ecuiation to any locua can be expressed in terms 
of «, /3, 7. For, as 

p~x cos a — y cos (to — a) = ct, 
and g — !K cos ;8 — ?/ cos (w - ^) = /3, 

(the reader will not be misled by the double use of a. and /?), we 
can express x and y in terms of a and /3. Thus an equation 
f{xy) = can be converted into 1^ (ajS) = 0, and this can be made 

homogeneous by introducing ^-^ , which = 1. 

Ex. Let a:y = m^ be an equation in Cartesians, and let it be 
required to get the corresponding equation in Trilinears. 

We have x cos a + ?/ cos (q) — a) —p — a, 

a! cos ^ + !/ cos (m - /3) = 2 - jS, 
whence 

cos a cos ((» - ^) - cos (w - m) cos /3 

(y-.)cos/i-(;-/3)cos. _ ^.^ ^ ^ ^ ^, 

^ cosacos(w — ;y) — cos(w — a)cos/iJ 

Thus the non-homogeneous ec^uation is 

(JIa + T/S + S) {Ba. + T? + «') = rf, 

and the homogeneotls eijnation is 

(a + 1)3) (ir« + r/3) + °»+^^g + '? (s(j;'„ + r« 



2A 



«').0. 



Of course matters would be simplified in this case by sup- 
posing two of the sides of the Triangle of Reference to be 
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coordinate axes. Suppose, for instance, that C is origioj and GA, 
CB uses of ic and y : then <»= iC and icsin 0—a, ^sin C = l3. 



Thus the non-homogeneous equation 
sin' 




to sey = 'r>^ii 



and the homogeneous equation is 

_ /Til sin C\', ,_ ,„ 

71. The three perpendiculars from A, B, C on BO, CA, AB 
',t in anoint. 

Let AL be the perpendicular from A on BO. Then its 




equation is of the form ^ = k. But at L 

^ LCsm _hcos (7 sin C_cos G 
7 LB sin B ccoaBs'mB coeB' 

therefore theequationtO--4i. is y3cosO=7Cos C. The equations to 
the other perpendiculars are 7Cos(7=acosji, a cos ^4 = ^ cos 5, 
and these lines meet in the point aeos^ = ^cos5=7COs 0. 

We may observe that any point may be denoted by equations 
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If tlie actual values of a, ,S, 7 be required, we have 



I m n al + hm + cn al + bm + cn' 

72. It may be shewn by a proof like that used in Art. 28 
that any straight line can he expressed hy a system of equations 
of the form 



I 



..(1). 



Here a.', 0, 7' are trilinear coordinates of some fixed point in the 
line ; r is the distance, capable of sign, of the point 0^7 from 
the point a'/3V ; and I, tn, n are numerically proportional to the 
sines of the angles which the line makes with BG, GA, AS. 
As a — a', — 0, 7 — 7' cannot all have the same sign (see a 
figure), two only of the quantities I, m, n have the same sign. 
Draw through A, B, C three parallels to the line. One of these 
crosses the triangle, and to it corresponds the single sign, -which 
is 4- or — according as we choose the positive direction of r. 

Of course the line 

a — a" _ iS — /3" _ 7 — 7" 

is parallel to the line (I). 

Thus the parallel through G is 



Suppose we wish to reduee a — 2,8 + 87 = (2) to the form 
(I). We may take for o,'0y the point 



( _2A_\ 



A parallel through must have an equation of the form 
—2^3 + 37 = constant ; let the homogeneous form he 

a-2,3+37 = K((Ta + 5y3 + C7) (3). 
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Since the coeiEcient of I vanislies, « = - , Tlius (3) becomes 

Comparing fhia with -j = — we see that 







Sb + 2c 


c~Ha 


In like 


manner 










35 + 2e 


~2a-b' 


Thus the reduced foiin of (2) is 






2A 




4A 




" a + 2b + o 




■ 2b + r. 




:ib + 2c 


c — 


■6a 


73. 


The Hues la. + 


m^ + Tvy 


, fa + m'^ 


point 










^ 







mil —111 n nl'-n 


7 Im'- 


-Vin aiu 



The general equation to a line parallel to ?a + m^ + ny is, 
when made homogeneous, h + m^ + n7 + « (aa + 5/3 + 07) -^ 0. 

The er[uation to the line joining the points a'/y-y', a!' &"'•/" ia 

a (fi'i' - 0'i) + ;3 (7'a" - 7"«') + 7 (a'^" - a"/?) = 0. 

This straight line may also be expressed by 
«-a _ 0-^ _ 7-7 .^ i,„ « -«" _ ^-^" _ 7-7" 

The lines laL + m^ + ny{l), {a + m'0 + n'y (2) are parallel if 
(3) can be p\it in the form X {h + m0 + ny)+ fi{aa+h^ + oy}. 
Eliminating \ and /j. from the equations thus obtained, viz., 
X? + /ia — r = 0&c., we obtain the condition of parallelism. 
But another investigation will be given hereafter. 
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74. To find the angle between the Unes 



Make OA, OB axes of x and y ; then the equations become 
(Art. 70) 

a; _ .^ ^^y 



Thus the angle is (Art. 40) 

{mn ~ m'n) sin 



mm + mm' 4- (w*: 
The condition of perpendicularity is 

m»i'4-m«'+(mw' + mV}cos C=0. 

Thus the equation to the second line is, in the case of perpendi- 
cularity, 

n + m cos )iJ + « cos (J 

75. In the equation-+|^-l = (1), let 6 become very 

great. Then the ec[uation tends to the form — 1 = 0, and the 

line represented tends to become a parallel to Ox throngh the 
point {a, 0), If however we make both a andb very great, the 
line moves off to a very great distance, and the equation (l) tends 
to the form — 1 = or 1 = 0. It is convenient to imagine a line 
at infinity, or rather the line at infinity, corresponding to the 
equation 

constant = 0. 

The direction of this line is wholly undetermined. It is 
only to be looked on as a Hne in which two other lines (parallel 
lines) may intersect. It intersects any line in one point only. 
Thus it meets the ajcis of x in the point tc = + oo, j = 0, or, which 
is the same thing, the point a; = — «>, y = 0. 

Its trilinear equation, made homogeneous, is 

X {aa + 5/3 + oy) = 0, or simply a/x+l>^ + cy = 0. 
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76. There are two considerations which may help the 
reader to receive what seems the paradox in Art. 75. The first 
is this ; the equation ax = ax + c in Algebra is foraially the 
same as c = 0, but gives for x the value oo . It may be looked 
upon aa the limiting form of the equation 

ax = arx + c when j- = 1, 

The other is this : the asymptote of a hyperbola is a tangent. 
At which end is it a tangent? At both. Then the ends are 
the same, or we have a straight line meeting a conic section in 
more than two points. 

77. We can now find the condition of parallelism of two 
lines h + m^ + ny, la + m'0 + n''y'bj a simple raethocl. For if 
these lines be parallel their intersection lies on the line 

aa,+ h^ + cy. 
Thus the equations 

can coexist, for which the necessary and sufficient condition is 
a {mn' - m'n) +h{nT- n't) + c {Im - I'm) = 0. 

78. Let A, B, 0, D be any four points in a plane. We can 
draw three pairs of straight lines such that each pair shall 
include all the four points. Let these pairs be drawn, viz. AB, 
CD intersecting in L ; AD, BO intersecting in M; and AG, BD 
intersecting in N. The quadrilateral ABCD is now complete, 
and L, M, J/' are its three vertices. 
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73 ABKIDGED NOTATIOS OF THE STRAIGHT LINE. 

Also LM, LM' form with LD, LA a harmonic pencil. To 
prove this it is sufficient to prove that if LN meet AM in M, 
t)\6TX AM' DM \a a harmonic range Now from the geometry of 
the triangle ALD we have 

AW DO LB_ .AM^ DC LB 
DM" LG • AB^' DM • LO ' AB ' 
therefore 

AM' AM 
DM''^ DM' 

or AM' DM is a harmonic range. 

Similarly ML, MB, MN, MD form a harmonic pencil, as also 
NB, NL, NO, NM. 



Examples on Chaptee V. 

The equations to the sides BO, OA, AB of the triangle 
of reference are supposed to be a = 0, /3 = 0, 7 = 0, and the 
lengths of the sides a, J, c. 

1. Prove that the equation to the line joining A to the 
middle point of BO is h^ = cy. 

2. Prove that the lines drawn from A, B, Cto the middle 
points of BO, OA, AB, respectively, meet in a point; and find 
the coordinates of this point. 

3. Find the equation to a line drawn through the point /(/h 
parallel to the line hi + m^ + ny. Ex. Let fgh be the point A. 

4 Find the equation to the line joining the middle points 
of AB and A and the equation to the pai-allel through A, 
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5. The equation to the line "bisecting BQ at right angles is 

y3cosJ3-7COst7 = |3m(0--S). 

6. Find the condition that the lines 

k + m/3 + J17, Ha + m"/3 + n% l"a + ni'^ + ny 
may meet in a point. 

7. Prove that tlie lines bisecting BC, CA, AB at right 
angles meet in a point. 

8. Find the condition, that the points a^^^/^, o^^/^, biJ3^j^ 
may lie in a straight line. 

9. Find the angle between the lines la + m^-i-wy and 
ta-i-m'^ + n'y. Deduce the condition of parallelism and the 
condition of perpend icidarity. 

10. Prove that the three bisectors of the angles of a triangle 
meet in a point, and find the ecjuationa to the line joining the 
feet of the bisectors. 

11. Find the coordinates of a point which divides in a given 
ratio the line joining two other points. 

12. Find the distance of the point^S fi-om the line 

Sx + Ml/3 -f ny. 

13. Indicate by a figure the points 

a=2^=-3% a = -2/3 = 37, 

and prove that if the sides of the triangle of reference be Bf, if, &f, 
these points lie on the same side of the line a + /3 = 7. Also 
reduce the equation to the Bne to the form 
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14. In -what ratio does the line la. = m^ divide tlie line ^B? 

15. JiBO, CA, AB be lespectively parallel to B'Q', C'A', 
A'B', then AA', BB', GG' meet in a point. 

16. The equationa to three lines BO, CA, AB are 

M = 0, w = 0, M = 0, 

and the equation to a line meeting them in L, M, N is 

Zm + mu + nw = 0. 

Find the equations to AL, BM, CN, and prove that 

BB CM AN_ 
CL' AM' BN~ 

17. Let [sec Example 16) he the point where BM meet^ 
CN. Then find the equations to AO, LO, and prove that there 
is in the figure a harmonic pencil at each of the points A, 0, L. 

18. Through A, B, G lines ai-e drawn to the point 
l7,'^m^ = ny, meeting the opposite sides iu L, M, N. Prove 
that 

BL . CM. AN 



CL.AM.BN' 



= 1. 



19. Prove that if ia4-wi^ + K7 = cross the triangle of 
reference, then I, m, n cannot all have the same sign. Supposing 
this line to meet AB, AC, not produced, in N, M, find the 
lengths of AM, AN. Find also the distance of MN from A. 

20. Prove that the middle points of the lines A C, BB, LM 
in the figure of Art. 78 He hi a straight line ; as also those of 
AB, BC, NL; and those of AB, CD, MN. 

21. If « = 0, « = 0, w = 0, lu + mv-v 7110 = represent AB, 
BO, CD, DA in thc'figure of Art. 78, what straight lines will he 
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represented by 

?M — 2»!u4-«w=0, 2lu — mv+nw = 0, 

lu-~mv-\- 2nw = 0, mv + nw= 0, 

nv} + lu = 0, lu + mv = 0? 

22. If there be two triangles ABC, A'B'0\ such that AA', 
SB', OC meet in a point, then the intersections of corresponding 
sides will lie in a straight line, and conversely. 

23. If A M, iVhe taken in BC, GA, AB so that AL, BM, 
CW meet in a point; and if L\ M', N" be the respective inter- 
sections of BC, MN; CA, NL ; AB, LM; then L, M! , iV' will 
lie in a straight line. 
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CHAPTER VI. 



79. We shall look upon the circle as a curve, calling that 
a circle which Euclid calls the circumference of a circle. 

Let {«, I) be the centre (7 of a circle referred to axes OX, Y 
inclined at an angle a, and let {x, y) he any point P on the 
circle. Also let the radius =c. 




Draw CW, PM parallel to F and CR parallel to OX. Then 
C^+ CP"- 2 OH. MP cos ORP= OP', 
or, (a!-«)° + (i/-J)* + 2 (a;-((}(2/-5)cos&i = c' (1). 

This is the relation existing hetween the x and y of any 
point on the carve, and is therefore the equation to the curve. 
(Art. 21.) Equation (l) may also be written 

aj" + y + 2fl^ cos M - 2 (a + 5 C08 (b) a; - 2 (« + J cos w) y 

+ «' + *"+ 2a& cos M-c' = (2). 
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Thus the equation to a circle can always be reduced to the 
form 

i^ + y' + 2xi/cosa+Ax + By+C=^0 ........... .{S), 

A,B, (7bem 



80. With rectangular axes the equation ia 

{x~ay^{y-hr^^ (1); 

or, x^ -\-f—2ax-'£hy -{-a^ + h^ -c'^a (2). 

Thus the equation to a circle can always be reduced to the 
form 

■j?+f + Ax + By+C=fi (3). 

If the origin be on tlie circumference, then (1) is satisfied by 
a; = 0, 3/ = 0. 

Hence a' + 6'— c° = 0, and (I) becomes 

x'-\-f = 2{ax-^hy)x (4). 

If, besides, the axis of a! be a tangent, a = 0, and the 
equation is 

x'+y' = 2by (5). 

Similarly x'' + y^ = 2ax (6) 

represents a circle passing through the origin and touching the 
axis of J. 

If the origin be centre the equation is 

ar' + ^/^ = c^..{7), (with oblique ases a!^ + / + 2!e^cosw = c'). 

81. With rectangular axes every equation of the form 
a^ + if + Ax + By+ = 0.. .(1) represents a circle. 

For (!) may be written 
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And this represents a ch-cle witli centre (—"?."' — ^) ^^^ 

radius */ — j *?• 

We suppose A and B real. Thus the circle has a real centre. 



The real and imaginary classes of circles are separated by the 
case in which - ■ ■ - — is zero, that is, by a circle with 

centre [ "" 7," > ~ ^J ^^^ radius indefinitely small, or, the 'point- 

82. This point-circle is also the two imaginary straight lines 

«.+| + v~i(j+|)=o, »+|-v=T:(,+f)-o. 

So ic°-|-y = ia both the point-circle (0, 0) and the two 
imaginary straight lines x + yv — 1=0, ic— ^V~1 = 0. 

Tangents and Normals. 

83. A tangent to a curve may be thus defined : 

Let two points be taken on a carve, and a secant (or chord) 
drawn through them ; let one point remain fixed and let the other 
move up to it along the curve. Then the limiting position of 
the secant is the tangent to the curve at the fixed point. 

According to Euclid a straight line touches a circle when it 
meets the circle in one point only. As far as the circle is con- 
cerned, our definition agrees with his; but if we are to speak of 
cniTes in general, Euclid's definition must he enlarged. 
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Take a curve with a loop, for instance. A line AB may 
tonch the loop and cut the ciUTe elsewhere, 




It is also necessary that one of the points spoken of in our 
definition hejixed. It would not do to say 'let the two points 
move along the curve up to some third point ; then the limiting 
position of the chord will be the tangent to the curve at the third 
point.' For if i? be a double point and HP, MQ the two curve 
lines which cross at B, the chord FQ, when P and Q have 
moved up to E and there coincided, is not necessarily a tangent : 
indeed its direction is not determined. But if the chords BP, 
BQ be drawn and PQ move up to B, EP, BQ are ultimately 
tangents at B. 

The normal at any point of a carve is a straight line drawn 
through the poiiit perpendicular to the tangent to the curve at the 
point. 

A tangent to a curve at any point may be called the direction 
of the curve at the point, and thus the normal at the point is a 
perpendicular to the direction of the curve at the point 

84. To find the equations to the tangent and normal at any 
point X, y of the circle x° + y' = c^ 

Let x^y^ be another point oi 
the chord joining x^^ and x^^ is 

y^ — 7/^'~x^ — x, 
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Now x^ + y^ = c', and iCa' + y^ = c'', because tlie two points 
are on the cnrve, so that the coordinates of each of them satisfy 
the equation f« the curve. Therefore 

Therefore ^i-Tl- = _ ^-.±^ (2). 

Thta (1) becomes 

ta.+»i:zi=o (3). 

Oi + iC, 5/, + ^s 

Let sc^y^ move up to x,y^. Then ultimately Xi = x^ and 
Tims (3) becomes 



y-ih 



= 0, 



or jj/i + iBtCj = ic, + !/j , 

or icx^ + y^, = c' (4). 

This is the equation to the tangent at ie,!/j. 
The equation to a perpendicular line must be of the form 
~ — ^ = a constant (Art. 45). 

The normal is that perpendicular which passes through x^y, ; 
and therefore its equation is 



X y _ 



..(5). 



Of course equation (5) could have been inferred at once from 
what Euclid has taught us about the circle, and (4) could have 
been deduced from (5) just as we have deduced (5) from (4), 
But we have preferred to illustrate our definition of a tangent. 
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85. From any external point there can he drawn two tangents 
to a circle. 

Let the centre of the circle be made the origin, and let c be 
the ra(3iiis. The equation is 

^ + f = c'. 

Let hk be the external point, and x'y a point on the circle 
such that the tangent there drawn passes through lik. 

The equation to the tangent is 

<Kx -^-yy' = i^, 

and since this is satisfied by A, Ic, 

xli + y'k^o^ (1); 

also, since x'y is on the circle, 

^" + r-<? (2). 

From (1) and (2) we can find x' and y'. The equation for x' 
is 

x'\h^ + F) - 'ic^hx' + c= (c" - A;) = 0, 

of which both roots are real, as the reader will find after a sliort 
algebraical process, since A' + A^ > e^. 

To each value of x' con-eaponds a value of y', determined 
from (1). Thus there are two points of contact such that the 
tangents there drawn pass through the given external point. 

86, The line joining the two points is called the chord of 
contact. 

Suppose we want the equation to the chord of contact cor- 
responding to the point (A, h). Let lc^„ x.^^ be the two points 
of contact. Then xji+yjc = i^ (1), and x^h+yjs^c^ (2), be- 
cause the tangents at x^y, and x^y^ pass through hk. Therefore 
x^y^ anda^jji^ea^hlieonthe straight line xh+yh = c^ (3). (Equa- 
tions (1) and (2) only assert this fact in algebraic language.) 
Therefore (3) is the equation to the chord of contact. 

T. G. 6 
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87. Wlien lik is on the circle, the equation xTi -\- yh = c^ 
represents the tangent at hJc. The chord of contact belonging to 
hh has, in fact, become this tangent. But when hk has passed 
within the circle the tangents are no longer real; nevertheless the 
line xh+yh—(?i& real, that is, the chord of contact is real and 
can be drawn. In Art, 60, we saw that imaginary lines may- 
contain real points. It is also true that real lines may contain 
imaginary points. Thus the lino 2a: = 3i/ contains the point 
{Sj—1, 2j~- 1), and, in short, an infinite number of ima- 
ginary points. When hk is within the circle the chord of con- 
tact passes through two imaginary points of contact, the points 
where the chord meets the circle. 

88. But we can assign another meaning to tlie equation 
xh-Vyh= c' which will not involve mystery. 

Through A, k draw any real chord and draw tangents at its 
extremities. Let these tangents meet in x^y^, then the equation 
to the chord, by Art. 8S, is xx^-{-yy^ = (?. But this line passes 
through Kk, and therefore xji -|- yji — c'. This last equation states 
that 3!,^, lies on the straigbtline xh.+yJc^c'. Hence, if through 
any fixed point hk chords be drawn to a circle {a!' + if = c'^) and 
tangents be drawn at the extremities of the chord, the locus of 
their intersection is a straight line (xh ■j-i/k=c^. 

89. Conversely, if from any point {x'y') in a straight line 
{Ax+Bi/+ (7—0) tangents be drawn to a circle {x' + y^ = c'), 
the chord of contact will pass through a fixed point 

For the chord of contact for x'l/' is xx + yif = <?, and since 
Ax' + By + C := 0, this may be written 

^■(--4')-5--!)=«. 

a form which proves that the chord of contact passes through the 
intersection of the fixed lines 

Ail „ y(7 , „ 

Thus the co-ordinates of the fixed point are 
Af Be' 
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90. Any equation Ax+Bi/+ 0=0 can lae -written iii the 
form xh + yk = c", 

the h and h Tjcing — ^r > ~ "TT • Thus to every point hk there 
corresponds a line xh + y 
there corresponds a poin^ 



' 



and to every line Ax-^By-V 
Ac' _Bc^ 

' - 



The line is the locus of the intersection of tangents at the 
ends of any chord through the point, and, when the point is 
outside the circle, the line is also a real chord of contact cor- 
responding to the point. 

The point is called the Pole of the line, and the line the 
Polar of the point. We do not here define the terms Po?^"and 
Polar, but introduce them for c 



Let the point h, k be in the axis of x ; then £ = 0, and 
ion to the polar is a^h — c°. Thus the intercept on the 

axis of y is -T . We now have a convenient geometrical OJjn- 

straction for drawing the polar of a given point. 





Let be the centre of the circle, P the given point. Join 
OP, and in OP, produced if necessary, take Q such that OP. Q 
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= (radius)". Tlirough Q draw a line QE at right angles to OF. 
QR is the polar of P. 

In like manner, if we wish to iirid the pole of a line QB, we 
draw OQ at right angles to QR, and in Q, produced if necessary, 
takePsothat Q . OP = {m&m&Y ; then Pis the pole of ^P. 

If PS be perpendicular to OP, PS is the polar of Q. We 
thus see that if one point P lie on the potar of Q, then Q lies on 
the polar of P. 

92. This also appears from the equations. For let 3;°+^ =c° 
be the circle, hk the point P, and h'k' the point Q. The polars 
ofP and QareieA+#=c^ xh' + yh' = <?. If P be on the polar 
of Q, hh' + hh' = c^, which equation states that Q lies on the 
polar of P. 

Polar Go-m'dinates. 

93. To find the polar equation to the mrcle. 




X 



Let a, a be the polar co-ordinates of tlie centre G, r, 6 those 
of any point P on the curve, c the radius ; then 

CP'^OC-i- 01^-200. OPaosPOO, 

i.e. (f^a' + r^— 2ar cos (^ - a) (1) . 

This is the polar equation to the circle. 

If OX pass through C, a = 0, and the equation is 

o^ = a^ + r''- 'Sarcoid (2). 
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0^ 

If be on the circumference, then a = c, and (1) Ijecomes 

r = 2ecos(^-«) (3), 

which is geometrically deducible from the right-angled triangle 
POQ.., 

If be on the circTimfeience and OX a diameter, then a = 0, 
and (3) becomes 

r=2ccoafl (4). 

If be on the circle and OX a tangent, a = ^ , and (3) 
becomes 

r = 2csin^ (5). 

If be the centre, « = 0, and (1) becomes 

r' = <? otr^c (6). 

Equations (4), (5), (6) can of course be obtained independ- 
ently, by geometry. 

The polar equation to the circle can always be put in the 
form 

7^ + At co&d + Br smO + (7=0. 

94. As an example of Polar Co-ordinates applied to the 
circle, let ua take Euclid, iii. 35, 36. 

Corresponding to any value of 6 in equation (1) of the last 
article there are two values of r, whose product is a? — <?, a 
constant. 

If be without the circle the product of the two values of r 
is positive. If be within the circle tlie product is negative, 
since (f < e°, and in this case the values of r have opposite signs. 
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1. Find the centre and radius of the circle 

ic' + ?/' + 15a; + 30 = 0. 

2. Find the equation tq the circle described on the line 
joining x;y^ and x^^ as diameter. 

3. Prove that the equation 

as^ + 1/' + 2xy coso) + Ax-\- By -\- C'=0, 
if the axes be inclined at an angle w, represents a circle. 

4. What must be the inclination of the axes in order that 

x^-i-y^- 2xt/ COS a+Ax + By+G^O 
may represent a circle? 

5. What in order that 

x^ + y^ -j- xi/ = hx + h/ 
may represent a circle? Determine the centre and radius. 

6. Find the intercepts which the circle in (3) makes on the 
co-ordinate axes, and shew that if the circle touches the axis 
o{x,A''=iG. 

7. If from, or through, any point chords AB, CD be drawn 
to a circle, the rectangle OA. OS = the rectangle 00. OB...{co). 

8. Find the relation between A, B, and G ia order tliat the 
circlejn (3) may touch both axes ; and prove that two tangents 
drawn to a circle from any external point are of equal length. 

9. The equation to the tangent to the curve 

ix-ay+[y~hf = ^ 
at the point x'y' is 

Find also the equation to the normal. 
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10, Prove that Euclid, ill. 32, is a particular case of an 
earlier and more general proposition in the same Book, 

11, If o., a! be vectorial angles of two points on the cii'cle 
a^ -\-y' = c', the equation to the chord joining the points is 



12. Hence find the equation to the tangent at the point a.. 

13. Apply Art, 46 to find the condition that the line 

Ax + Jiij+0 
may touch the circle 

14. Does the line 2a; -j-3y = touch the circle 

15. Prove that two tangents can be drawn to a circle in 
a given direction, and that the tangents to a;" + ^° = c^ in direction 
y = nia: are 

16. The angle in a semicircle is a right angle. 

17. From an external point tangeata are drawn to the 
circle x^ + if = 2ax. Find the equation to the chord of contact. 

18. Find the equation to the tangent to the circle 

ic^ + 1/^ + 2xij cos a = e' 
at the point x'y. 

19. A point moves so that the sum of the squares of its 
distances from the sides of a square is constant. Find the locus 
of this point. Shew that the position of the locus does not 
depend on the magnitude of the constant sum, 

20. A and B are given points, and AP : SP is a constant 
ratio. Prove that the locus of P is a circle. 
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Also, given that the locus of i' is a circle, find geometrically 
the circle's position and magnitude, 

21. A point movea so that the sum of the squares of its 
distances from any number of given points is constant. Prove 
that the locus of this point ia a circle. 

22. Find the centre of this circle in the case of tvjo given 
points. Prove that, if there 'b^four given points A, B, C, D, the 
centre is at the middle point of the line joining the middle points 
of the diagonals of the q^uadrilateral ABCD. 

23. Find the polar of the point (1, — 2) with respect to the 
circle a^+^^ = 9, and the pole of the straight line ic + ^ = 1 with 
respect to the same circle. 

24. Apply Art. 91 to shew that the polar of the point x't/ 
with respect to the circle (x—d)^ + {y — hy = &' ia 

(«-a)(«'-o) + (y-S)(y'-S)=c'. 

25. Find the polar equation to the tangent to the circle 
r = a at the point a. 

26. Through a fixed point chords are drawn to a circle. 
Prove that the locus of theii- middle points is a circle, and find 
the position and magnitude of this circle. 

27. Through a fixed point O is dr-awn a chord OPQ to a 
circle, and in PQ is taken B, so that OP, OB, OQ are in Har- 
monic Progression. Shew that the locus of 5 is a straight 
lino. 

28. Also, assuming that the locus of i? is a straight line, 
prove that if be without the circle the locus is the chord of 
contact coi-responding to 0. 

29. In the radius vector OP of a circle P' is taken so that 
OP' : OP is a constant ratio. Find the locus of P', and prove 
by Art. 83 that the tangents to the given circle from are also 
tangents to this locas. 
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30. If F be 30 taken that the rectangle OP . OP' is constant, 
what wil! be the locus of P"> Examine the case in which 
lies on the given circle. 

31. In OP the radius vector of a sti-aight line is taken P' 
so that OP. OP" is constant Find the locus of P'. 

32. Shew that the equation to a circle refeiTed to two 
tangents of length c, and inclined at an angle w, is 

(af-\-y — cY = Axy sin^ — . (See Ex. 8.) 

33. Apply Ex. 32 to prove that if TA, TB be two tangents 
to a circle, and P any point on the circle, the perpendicular from 
P on AB is a geometric mean between the perpendiculars from 
Pon TA, TB. 
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THE CIRCLE {continued 



95. Let 8 i\.&aQ\tix?-{-i/-<rAx-\-By+G; then ,S = is the 
equation to a circle whose centre is (— — ,—— J and radius 



/ 



'A'+l 



- G. Call the co-ordinates a, h, and the radius c; 
then 8 denotes (a; - of +{y- f?)" — c^ 

So long as the S" of a point is positive the point is without 
the circle; when the Soi the point vanishes the point is on the 
circle; when the S of a, point is negative, the point is within the 
circle, 8— a, constant is the equation to a concentric circle. 
The 8 of any point (as is evident from Euclid, i. 47) is the 
square of the tangent from that point to the circle, or the i-ect- 
angle under the segments of any chord through that point. The 
tangent is impossible and the rectangle is negative when the 
point is within the circle, 

96. Let 8' denote 

a:^+^'' + A'x + £'^ or (a;-«y + (?/ -5')=-c'=, 

then 8~ 8' = is a linear equation; also any values of x and 3' 
which make hoth 8 and 8' vanish make S— 8' vanish. Thus 
S—S' = is the equation to the common chord of the circles 
8, 8'. The unabridged form is 

(a -a)x + {h'~h)^ + a" - «' + h" -V = c" - c\ 
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THE CIECLE. 
Thus tlie common chord is perpendicular to the line 



that is, to the line joining the centres. 

97. The two circles may not intersect, the reader may say. 
Still their imaginary pointa of intersection lie on a real common 
chord. In fact, if a line and circle be drawn in one plane, the 
line always intersects the circle in two pointa, real, coincident, 
or imaginary. Two curves of the m"' and m"' degrees, drawn in 
the same plane, intersect in mn points, of which, if mn be even, 
all may be imaginary. Two circles intersect in 4 points, of 
■which two may be real. 

98. The radical axis of two cu'cles is their common chord. 
It is the locus of points from which the tangents to the circles 
are equal, and (as the reader can prove by a fignre) divides the 
line of centres so that the difference of the squares of the seg- 
ments equals the difference of the squares of the radii. 

99. The equation S~X8'=t} represents a circle passing 
through the intersection of 8 and 8': by giving a proper value 
to \, we can thus represent an^ circle passing through those 
intersections. For let 8^, 8^' be values of 8 and 8' for any 

point Xj y^, then if the circle 8 — XS" passes through a^.j'j, \ = ^. 

Thus S"— y', . (9' = is a circle passing through the common 

points of 8 and 8' and an arbitrary point a;,?/,. And by vary- 
ing Xj^^ we can represent any circle passing through the other 
two pointa. 



100. We shall now give another method of finding the 
equation to a tangent to a circle at a given point. 
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Let x^y^ be the point, and 

x' + y^+ixy coBfo -\- Ax->r By + (7=0 (1) 

the circle. 

Transfer the origin to x^y^ ; then tlie new equation ia 
{x + x^Y +{y + y^Y + 2{x+ x,) (y + yj cos a> 

+ A{x + x,)+B(2f+y;}+G = 0; 
or, since x^^ is on tJie curve, 

iK* + y" + 2a:y cos M + 2 {x^ + y^co3(o + ~]x 

+ 2(y, + x,coso> + ^y = (2). 

In polar (io-ordinates this ia 

/(f + m" + 2lm cos a>) + 2r\l U^ + y, cos <o + -\ 

+ ™(^. + '«iCoaM+D|-0 (3). 

If we wish to know the length of a radius vector drawn in 
any given direction, we must substitute the corresponding given 
values of I, m in (3). We have then a quadratic in r, one root of 
which is always zero whatever I and m may be. But the other 
value will also be zero if we take I and m such that 

2nic, + !/^C03 w +— j + 2m U, 4-aT, COSW + — j=0 (4). 

Thus (4) is the polar equation to the tangent at the origin. 
The corresponding equation in Cartesians is 

Saifce, + y, cos W+--J+ 2y (y^ + x^cos a + —j=0 ...{5), 

{which equates to zero the terms of lowest dimensions in (3)). 

We return to the old origin by writing x — x^, y — y, for 
X and J/ in (5). 
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The result is 

^X {x^ + y, cos W + y) + % (^1 + it, COS CD + - j 

= 2 (< + !// + 23^,!/^ COSfo + - fl;, + ^^,) 

= 2 (^,^ + 7/j° + 2a:,J/, cos » + Ax^ + B^, + C) 

~ [Ax^-\-By^ 4- 20) = - {^x, +B^j + 2a), 

2 (a^Cj + ^ J + 2 COS CD (ic^j + yx^ 

+ ^(a; + fl;,) + i?(2/ + yj = 



If wc change ar^, ^, to a;, y, and a;, ^ to a;,, ^/i, this equation is 
unaltered. Of course tMa symmetry exists also in the less 
general cases. 

The clause in italics points to the following principle : 

Wkenevsr the equation to a curve w rational and integral, and 
the curve passes through the origin, the equation to the tangent 
lines at the origin is found iy equating to z&ro the terms of lowest 
dimensions in the equation to the curve. 

Ex. x' + y'^2oy. Here ?/ = Ois the tangent line at the 
origin. 

Suppose we want to find the equation (o the tangent to the 
circle af + 7f = 2cy at the point x^y,. Transfer the origin, and 
the equation becomes 

x^ + )/' + 2xx^ + ^yy, = 2cy. 

The tangent at the new origin is xx^ + yy^^cy. 
Transfer back, and the equation required is 

(x - X,) x^ + {y-y^y,^c(if- y,) , 
or xx, + ^^1 = c (2' + y^ • or ^/ + !fi ~ '^Vi = <7i' 
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If tangents be drawn to tlie circle (1) from an external point 
ai^j, then (6) will be the equation to the chord of contact. (We 
leave the proof to the reader.) Thus (6) is the equation to the 
polar of iKj^, with regai-d to the circle (1). 



Poles and Polars. 

101. The intersection of two lines is the pole of the line 
which Joins the poles of the lines. 

Let A, B be the two lines, and let A!, P he their poles. Let 
{AB) denote the interaection of A and B. 




Then the line -4 passes through the point {AB); therefore the 
point A' lies on the polar of {AB). Similarly the point B lies on 
the polar of [AB] ; therefore A'B' is the polar of AB. 

If a line A pass through a fixed point F, its pole A! lies 
on a fixed line P; and if a point A' lie on a fixed line P, its polar 
passes through a fixed point P. If any numher of lines meet 
in a point their poles are in a straight line, and vice versd. 

The equation OQ . 0P= o° in Art. 91, shews that as P moves 
towards 0, the polar of P recedes from 0, When t)P=0, 
OQ — 'r). 'SYiM'i the centre of the circle is the pole ofthe line at 
infinity. 

The reader will easily prove, by taking the simple form 
a?-Vy^ = <?, that the perpendicular from a point P on the polar 
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9S 



of a point Q is to the perpendicular from Q on the polar of i* 
as the perpendicular from the centre on the polax of Q is]to the 
perpendicular from the centre on the polar of P. Let F{Q) 
denote the first of these lines ; then we may thus state the pro- 
position : 

f(«_ C(Q) 

103. Centres of Similitude. 




Let A, B he centres of two circles' of which the radii are 
a, b, a heing greater than h. Divide AB internally and ex- 
ternally "at] 8', S in the ratio a : b; then S', S are the internal 
and external Centres of Similitude of the two circles, and the 
two external common tangents meet in S, and the two internal 
common tangents (which may he imaginary) in S'. Also if 
SPQRT he any line drawn through S cutting the circles, the 
radii AR, BP 0.re parallel, as also the radii AT, BQ. Thus 
8P : SIt = SQ : ST= h : a, & constant ratio for all such lines 
through S, Thus the circle A could be obtained from the circle 
B by producing each radius vector SP [S being considered 
a pole) of the circle £ to a point R such that SR : SP—a : I: 
Had there been any curve whatsoever in the steajJ of B such a 
construction would have given a similar curve, similarly placed 
(and magnified in linear dimensions in the ratio a : b). The. 
teiTn ' centre of similitude ' ia thus illustrated. 

Again, the rectangles SQ. SR, 8P. ST are equal and con- 
stant, heing to the rectangle 8P.SQs.aa: b. Thus, if SF Q'B'T 
be another line through 8, the points Q, Q', B', S lie in a circle, 
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and so do the points P, F, T, T. If QQ', RE' meet m Z> 
ZQ.ZQ'^ZR.ZB' (Euclid, ni. 36): therefore Z lies on the 
radical axis of the circles A, B. Similarly TT', PP intei-aect 
on the radical axis. 

Let there be a third circle with centre C drawn. There are 
now six centres of similitude, and it readily follows from the 
geometry of the triangle ABO that these centres of similitude 
lie three and three in four straight lines. These lines are called 
oices of similitude. 



Examples on CnAPXER VII. 

1. Is the origin within or without the circle 

2 {o? -itf) + 33) - 5y + 7 = ? 

2. Prove, hy any means, that the circles 
touch one another if 

(<.—')■+(*-*')'=(« + «')■■ 

3. Find the condition that the circles 

a (ic' ■>rf)JrAx + By>rG, a' {x^ + /) + A'x + B'y + G', 
may touch one another. 

4. ASO is a triangle, and AB, A C are talien for axes. 
Find the equation to the circumsci-ibing circle, and the equations 
to the tangents at A, B, 0. Prove that tlie tangent at an 
angular point A makes angles B, C with A 0, AB. 

5. A circle circumscribes the triangle whose vertices are 
x^,, x,j/^, iCgS/j, Find its equation. 
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6. Find the ecjtiation to the polar of the origin with regard 
to the circle a^ + ^ + Ax ■i-By+ G. 

7. Find the equations to tangents to the following curve 
at the point xi/': 

(1) ay = x\ (2) dy = x'. 

(3) |=»„?. (4) »' + ,« = »>. 

8. ASG, ahc are two triangles auch that A, B, G are poles 
of he, ca, ah. Prove that a, h, c are poles of BG, OA, AB. 

Such triauglea are called copolar triangles. 

9. If ABG, ahc to copolar triangles, then Aa, Bb, Go meet 
in a point, and the intersections of BG, be ; 0A,_ ca ; AB, db 
lie in one straight line. 

10. Hence prove that the lines joining the angular points 
of a triangle to the points of contact of the inscribed circle meet 
in a point. 

11. What are the conditions necessary in order that the 
general equation 

«ai° + &J/^ + c + 2a'y + 2&'aT + 'kdxy = 0, 

may i-epresent a circle? (w). 

12. If four fixed points be taken on a circle and joined to 
any fifth on the circle, the pencil formed will have a constant 
anharmonic ratio. (Euclid, iii. 21.) 

13. Find the ratios in wiiich the line joining the points tey, 
x'y is cut by the circle x^ + y^ = c^, and hence find the equation 
to the tangent at a point on the circle and the equation to two 
tangents from an external point. 

T. a. 7 
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14. In the fig. of Art. 77, let A, B, G, D lie in a circle,-ancl 
let LA, LDhe axes; let LA =a, LB=h, LG^c, LB = d, and 
the angle ALD = w. Then prove that the equation to the circle 



^w 



^(i-a-G-S--. 



and prove that of the points L, N, D each is the polar of the 
line joining the other two. (Ex. 29, Chap. Ti.) 
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THE PARABOLA, 



103. A conio section is tlie locus of a point which moves 
so that its distance from a fixed point "bears a constant ratio to 
its distance from a fixed straight line. The conic section is a 
parabola, an ellipse, or a hyjyerbola, according as this constant 
ratio is equal to, less than, or greater than unity. The fixed 
point is called the focus, the fixed line the directrix, and the 
constant ratio the eccentricity. 

The propriety of the term ' conic section ' rests on this, that 
if a right circular cone be cut hy a plane, the section will be one 
of these aforesaid carves. 

A curve whose equation is of the n^^ degree is called a curve 
of the w"' degree. 

All conic sections ai-e o£ the second degree. For let xy be any 
point on the conic, and let j^ be the focus, and j43; + ,Sy+ C=0 
the directrix ; also let e : 1 be the given ratio or eccentricity. 
Then icj's distance ftarafg is e times ■xy'B distance from 
Ax + By-VG: that is, 




This is the equation to the conic section, and it is rational, inte- 
gral, and of the second degree. With ohfique axes the equation 
would still, be rational, integral, and of the second degree, Thns 
all conic sections are cmwes of the second degi-ee. 
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It will te proved hereafter that all curves of the second de- 
gree are conic sections. 

104. To find the equation to the parabola in a simple form 
we may proceed thus. 

Let S be the focus, and SO the perpendiculai- from S on the 
directrix FF'. Take 05", OF for axes of tc and y. LetOS=2a, 

Y 




and let x, y be co-ordinates PJi^, PM of any point P on the 
curve. Then 

PS = FN; .: FS' = FN\ 

or, PM'+SM''=OM'', 

or, y^ + ix- 2ay = x\ 

or, f^iaix-a) (1). 

This is the equation to the cui-ve. 

Put ?/ = in (1) ; then x = a, that is, if A be the point where 
the curve meets the axis of x, OA = A8^ a. 
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The points is called the vertex of the curve and the line Ax 
the axis of the curve. 

If we transfer the origin to the point A without altering the 
direction of the axes, equation (1) becomes 

y^^iax (2), 

and this is the form we shall chiefly use. 

105. The curve ^' = iax passes through the origin and the 
line a: = is the tangent at the origin. (Art. 100.) 

For every positive value of x there are two values of y, 
equal in magnitude and of opposite sign : thus the curve is 
symmetrical with respect to the axis of x. Also if x he nega- 
tive, y is impossihle. Thus the curve lies wholly on the Ox 
side of the axis of)/. 

If X be infinitely great, so is t/. Thus the curve is of in- 
finite size. 

106. To find the equation to tJie tangent at the point x'y'. 
The equation to the chord joining x'y' and x"i/" is, — since 

y'^ — iax' = = 1/"^ — iax", 

, a/' — a;' «" — y' 

so that ,, , , = - j-^ - , — 

x — x' _y — y' 
y"+y'^ 4a 
When x"y" moves up to, and coincides with, x'y, the choi-d 
becomes the tangent at x'y, and its equation, since ultimately 



■■■ , ■■ = " ■■, or yy' = 2ax + y'^ — 'iax' , 
y 2a ' "^ ^ 

or yy' = 2a{x + x') (1), 

since y'^ = iax'. 

Of course this equation can he obtained by the method of 
Art. 100. 
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The normal at xy is perpendicular to the line 

yy- = 2a (a: + x). 

Its equation is therefore of the form lay -Vifx = a conatant. 

But the normal also passes through a;'y'; therefore the con- 
stant is 2«!/' + y'al. 

Therefore the equation to the normal at s^y' is 

2«^ + y3; = y(2« + ic') (2). 

107. The equation j/y = 2a(a;4-a;'), since »;' = j-,maybe 
written 

y^mxA, — ■ (1). 

Here m is the tangent of the angle which the line makes with 
the axis of x. 

Conversely any lino whose equation is of the form 

y^x tan ^ + a cot Q, 

touches the parabola ^ = 4«iK, viz. at the point y — la cot B, 

x = a cof 6. 

Equation (2) of the preceding article can likewise be ex- 
in terms of the inclination of tlie normal to the axis 



of X. Kor let that inclination be tan ' m, or, let m = — — , then 

2« 

x' = J- = am^, and the equation becomes 

y — mx — 2am — ami' (2). 

108. Let FT, FQ- be tangent and normal at the point 
F{x'y'), and let PM be perpendicular to the axis of the curve. 
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In the equation y/=2K(a; + ic'), i.e. in tlie equation io FT, 
puty = 0, then 

x = -ie. ThuB AT = AM. 




Again, SF = AM+AS (by definition) =»'+ a ; 

.-. nines AM + AS ^ AT + AS, SP=8T. 

Thu3 the triangle STP is isosceles, and if PX' be parallel to 
the axis of the curve, SP, PX' are equally inclined to the tan- 
gent at P. 

Again, in the equation to PG, or 

2ay-^y'x='y' {2a-{-x'), put^ = 0; 

then ic = 2(( + ic'. Thus M&=2a. 

The double ordinate through the focus of a conic section is 

called the lalus rectum. In y^—iax if we put a; = » we get 

y = ±2a. Thus the latns rectum of this curve is in length 4a, 

and MG is half the latus rectum. 



Also 



SG = 2a+x'~SA=a + x' = SP= ST. 



The reader can easily show by geometry that if Z be the point 
where the tangent meets the axis of Y, SZ is at right angles to 
the tangent. But we shall also prove this analytically. 
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109. To find the locus of the intersection of ike tangent with 
the ^erpendtGular dravm to the tangent from, the focus. 

Let y = 'mx^ — (1) be any tangent. The equation to the 

line through :S' (that is, the point x = a, ^ = 0), perpendicular 
thereto, is my -^-x— a (2). 

Combining (1) and (2) we get the co-ordinates of Z, the foot 
of the perpendicalar, K xy be this point Z, equations (1) and 
(2) state each a fact about xy ; and each fact depends on the in- 
dividuality of the tangent, for if we take another tangent we take 
another m, and other equations instead of (1) and (2). But if we 
eliminate m we deduce a fact about xy which is quite independ- 
ent of the individual tangent, and is the equation to the locus 
of xy. 

Now from (I) my = m^x + a, and fi-om (2) my = a — x. 

Therefore m^x + a = a-x, or a;(l + m^) = 0, or x = 0. 
Thus the x of the foot of the perpendicular is always zero : 
therefore the locus is the tangent at the vertex of the parabola. 

110. Let SP=>, yS2'=^. Then SZ bisects the angle rySf*, 

cos^S'.Z'=cos^iS!P or -=^, 
p r' 
or p^ = ar. 

Of com-se tliis could be proved by Art. 46. 

111. The y^—iax of any point on the cui-ve vanishes. I 

Y 




a point be within the curve, its y^ — iax is zero. For let QM 
be ordinate of such a point, and let QM meet the cniTe in P. 
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Then QM is less than FM, and the points P, Q have the same 
se: thus the fj' — iax of Q is less than that of P, i.e. less than 
zero, and therefore negative. If the point be outside, as Q', the 
?/" — iax is greater than that of P and therefore positive. At ^' 
X is negative and therefore y^ — iax is positive. Thus the point 
xt/ is within or without the curve according as ^° — iax is nega^ 
tive or positive. 

112. From an external pomf two tangents can he drawn to a 
•paraholAi. 

Let IJc he the external point, and let x'^ be the point of 
contact of a tangent through Jih. Then 

a quadratic for finding y'. The roots are both real since T^—^alt 
is positive. To each y' corresponds a ^ , or, an x. 

The eqnation to the chord of contact is y'k = 2a{x-\- It). 
(Arts. 86—90, 92, 100 may be slightly altered so as to suit the 
parabola.) 

113. A diameter of a curve is the locus of the middle points 
of a system of parallel chords. 

Foe example, in the circle a diameter is, according to this 
definition, a straight line drawn through the centre, and is per- 
pendicular to the direction of the chords. 

To find the diameter in the paraiola y° = 4ax to the chords 
drawn in direction [1, m]. 

Let — j — ~£—~^—r be one of these chords, x'v' beinff 
I m ' u a 

its middle point. 

At the points where this intersects the curve we have 

a; = a;' 4- fr, y = y' + mr, and y^ = iax. 

Thus the equation for finding r is 

(i/'+mj-)" = 4a(ic' + &-), 

or ir^r'^ + 2r {my' — 2al) + y" — iax' = 0. 
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The values of t are equal and of opposite sign ; therefore 

m.y' — 2al = 0, 
Thus tlie locus of x't/' is the straight line my = 2al (See also 
Ex, 14.) Thus all diameters are parallel to the axis. The co- 
ordinates of the extremity of the diameter my = 2al are 
2al 2ar 



The reader can prove that the tangent at this point i 
the chords which the diameter bisects. 



parallel to 



114. To find the equation of the parabola rejkrred to any 
diameter and the tangent at the extremity of that diameter. 




The equation to the parabola referred to the diameter and 
tangent at A is 

y'^iax (1). 

We ahaU now change the axes to the diameter and tangent at 
the point P, whose co-ordinates are h, h. 

Let Q be any point on the carve, x, y its co-ordinates AN, QN 
referred to AX, A Y; x', y its co-ordinates PV, Q V referred to 
Ax, Ay. Let QN meet Px in B, and let the angle yPx = w. 

Then x = AN= AM+PV+ VB^h + x' + y cosw, 
y=QN^PM+ QB^k+y'sino). 
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Thus (1) is transformed to 

{h + y'smwy'^^a[h + x' -Yy' ansa) (2). 

PM k 
Now &" = iah, and, as tan o) = ^y, = -^ , the coeEGcIent of y' 

is zero. Thus (2) becomes 

v"= ■ ., x, or, accents suppressed, 

/-J?-x (3). 

^ Sin'' to ^ ' 

Also cosecV = l + coew = l+^'=l+-=— (Art. 108). 

Thus (3) may be written 

y" = ia'x (4) , 

if a' denote the focal distance of the new origin. 

115. We shall now indicate another method of obtaining 
this equation. 

The equation recLuired must be of the second degree, and is 
therefore included in the form 

ax^ + hf + c+2a'i/+ih'y + 2c'xy = (1). 

The ongin being on the curve, c = 0. Also (Art, 100) the 
terms of lowest dimensions vary as x, because the axis of i/ is a 
tangent at the origin. Thus a' = 0, and (1) is now reduced to 
aa? + bif+2h'x + 2c'xi/ = (2). 

For every positive value of x there are two values of y, equal 
in magnitude and of opposite sign : tlius.c' = 0. And for every 
value of 2/ there is but one tinite value of x : thus a = 0. 

The equation is now reduced to it/^ + 2b'x — 0, or 

— = a constant. 
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WTiat constant is Imown by calculating the '^ of the point A. 
This is found by Geometry to bo iSP. 

116, The ec[uation to the tangent at x'p' is now 

j/y = 2a'(a;-t-aT'). 

The tangents at (a;y), {a:', — y') meet the axis of x in the 
same point, or, tangents at the extremities of any chord of a 
parabola meet in the diameter which bisects the chord. 

117. POLAE Co-OiiDiNATES. (See figure to Art. 104.) To 
find the equation to the parabola, the focus being pole. 

Let SP, the angle OSP, and the semilatus-rectum OS be de- 
noted by r, 9, I. Then 

8P = PN^ OM^ OS + SM= OS + SP cos PSM, 
or r=l-rcose. 

Thus the equation to the curve is 

^=l+cos5 (I). 

If MSP had been the Tectorial angle the equation would have 
been 

- = l-cos^ (2). 



Examples on Chapter VIII. 

1. Find the equation to the parabola whose focus is the 
origin and directrix the line x + f/=l. 

2. Find the equations to the tangents and normals at the 
exti'cmities of the latus-rectura of y^ = 4aa;, 

3. The tangent at any point meets the directrix and latus- 
rectum produced in two points equidistant from the focus. 
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4. Trace the curves x^ = iat/, y^ + iax — 0, and find the 
equation to their common chord. 

5. Find also the angles at which the curves intersect. 

6. Prove by means of the form y~mx+~ that two tan- 
gents can be drawn to a parabola from an external point. 

7. If !/ = m^x, y = m^ he directions of tangents to ^ = i.ax 
from an external point xy, then 

m^ -f m^ = — , , and ni^m^ = -, . 

8. The directrix is the locus of pointe from which tangents 
can he drawn at right angles. 

9. The directrix is the polar of the focus, and the polar of 
any point on the dhectrix is at right angles to the line joining 
that point to the focus. 

10. What is the focal distance of the point {—2, i) in the 
parabola y =3;? Write down the equation to the normal at this 
point, and find its inclination to the axis. 

11. In the curve jf = ~Zx find the points at which the 
tangents are inclined at 30° to the axis, and prove that the focal 
distance of each point is V3. 

12. From the vertex of ^ = i.ax a perpendicular Ls drawn 
to the tangent. Prove that the locus of the foot has for its 
equation 

x{!>? + y')+af=0. 

13. If the perpendicular be drawn to the normal, the 
locus is 

!/^ {3? + !/' — 2ax) = aa?. 

14. Find the ordinates of the points where y — mx + o 
meets the parabola, and prove that if m be given and c vary, the- 
locus of the middle point of the chord is the straight line 
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15. Is tlie point (1,-3) within or without the paiahola 
a;H 2j/ = ? 

16. Draw the curves {y - 3)^ = 4'(ic + 2), i^j ■\-%f=~ 4(a!-2). 

17. Find the equation to tlie paratola j/^=3^ referred to 
the diameter and tangent at an exti-emity of the latus-rcctum. 

18. Refer s/' = A.aai to the tangents at the esti-emities of the 
latns-rectum. 

19. If PT be the tangent at P and PM an ordinate to the 
diameter TM, TM is bisected by the eui-ve. 

20. Give a geometrical construction for the polar of any 
point. 

21. Find the ratio in which the line joining xy and x'y is 
divided by the curve y^ = i.ax, and hence shew that the equation 
to the two tangents from xy ia 

{f-^ax) {^j"'~iax') = {yy'-2a {x + x')]'. 

22. Find the polar equation to the parabola, the vertex 
being pole. 

23. From the vertex are drawn two chords AP, AQ at 
right angles. Find the least area of the triangle APQ. 

24- Find the polar equation to the parabola refen-ed to an 
extremity of the latns-rectum as pole and the latus-rcctum as 
initial line. 

25. The focus being origin, the equation to any tangent can 
be put in the form 

y = m{x + a)+- ■ 

26. From no point can there be drawn more than three 
normals to a parabola 

27. If the normals to y^ = ^ax at x^^, x^^, x^y^ meet in a 
point, then y, + y, + y^ = 0. 



y Google 



EXAMPLES ON CHAPTEE VIII. Ill 

28. The lines from the vertex to the points of contact of 
tangents from (7i, Ic) are represented by the equation 

Jiy' = 2a; {ley — '2ax). 

29. Determine the locus of the middle points of a focal 
chord. 

30. The semilatus-rectum ia a harmonic mean between the 
segments of any focal chord. 

31. A point moves so that its distance from one given line 
yaries aa the square of its distance from another given line. Prove 
that the locus of the point is a parabola having the first line for 
a tangent and the second for the corresponding diameter. 

32. A parabola has a given axis ^ = and passes through a 
given point (0, k). Prove that its equation is of the form 

and examine the ease in which h is infinite. 
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CHAPTER IX, 



THE ELLIPSE. 



118. From S tho focus of any conic section draw 8E per- 
pendicalar to the directrix EN, and take E8, EN for axes of 
cc and ^. Let e be the occentncity of tlie curve, and x, y the 




co-ordinates PN, FM of any point P on the curve. Also let 
M8—j> (so that in the case of a parahola p is the scmiiatus- 
i-ectum). Then 

SP=e.PN; or SM'+MI>'^e\PN'; 

«>• {x-pY + f^e'a^ (1). 

Tliis ia the equation to the conic section. 
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113 



For every value given to x in (1) there are two values of 
J, equal in magnitude, "but contrary in sign. Thus, the curve 
is 'symmetrical with respect to the line' £^8. 

119. The case in which e=l has teen treated in the last 
chapter. We now take the case in which e <1. Tlie curve is 
an ellipse. 

In the equation (a:-j?)°+y=eV (1) niakey = 0; then 

1 ±e' 



E 




J-,-— ^ 


i 


N' 


L 

a/ 


77 


"~\ 


\ \Q' 


( 


1/ 


V 






E 


L 


1 


I 


C S' JA' 


E' 






1 


i' 





That is, if A, A' te the points where the curve meets FS, 
2ep 



Also 



AA' = 



If C be the middle point of AA\ 



and £C-i(«4 + «^')=y^ = 4^. 
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114 THE ELLIPSE. 

Also SC=liSA'^8A)=^^ie.SA'-e.EA)=e.Aa 

Thus 08. CE= CA\ 

Again, in (1) make x = EG or -~^; then /=^_j-i- 

That is, if B, B' be the points where the curve meets an ordinate 
through 0, 

Cff=CB"==AG'{l-d'). 

Again, let LL' be tho donljle ordinate througli S. Then 
LS=e.ES; that ia, the semilatus rectum is 

ep = ACil-e')=^. 

120. In equation (1) of Art. 119, give */ any value EE, Then 
the sum of the values EQ, EQ' oi x is, by tho theory of quad- 
ratic equations, - ™ ^ . Thus - {EQ + EQ') = JHO, or the 
middle point Fof any chord QQ' parallel to AA' lies in BB'. 

Thus the curve is symmetrical with respect to BE', and if 
in ^C produced we take S' and JS' such that E'C=EC and 
S'G=SG, and draw B'N' parallel to EN meeting AT pro- 
duced in N', and join S'P, then S' and £'A' are a focus and 
directrix with which the curve could have been described, and 
8'P=e.PN'. 

The lines AA', BB are called the axes of the curve ; AA' 
the major or transverse axis, and BB' the minor or conjugate 
axis. The point G is called the centre of the curve, and A, A' 
are called vertices of the curve. Every chord through G is 
bisected at C. This is clear from the double symmetry of the 

Let AA'^^a, EB' = 2h. Then 



121, In the equation to the curve write x + ~— ; i 
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The axes of co-ordinates are now CA' and CS, and tlie e 
tion 13 

or ar'(l-e')+y=-^-5 = <i'(l-e=); 




This equation sliowa that the ellipse 13 bounded in 
eveiy direction, for if a^ exceed a°, y is negative, and if y 
exceed 6*, a? is negative. The same appears from the polar 
fonn 



122, Let P3I be the ^ of any poiiit x>/ on t)ie curve. Then 
the equation 



AM.AM~ AG" 



We may observe that 



SF^e.ME=e{CEi-CM) 
S'P=e.ME' = e{CM-OM) = a-ex. 
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TKe Bum of the focal distances ia tlie same for all points on 
the cairve, namely 2a. 



123. The equation 

©Mir-.. 

the Tiigonometi'ical foimula 

sin" tf> + cos' <b =: 1. 




On AA', BB' describe circles [auxiliary circles they are 
called), and fmm F the point xy draw ordinates FM, FN meet- 
ing these circles in P',^. Join C'P'. t\i^nGM=CF'casPCA', 
or x=aG'3&PCA!. Let the angle P'GA' te denoted by ^. 
Then a; = a cos t}>, and iVom (l) y = b sin 0. 
FM _^bs{n,}>_h . 
F'M usin<j>~ a' 

At the point where CF meets the smaller circle 
^ = & cos BCF" i= h sin ^. 
This point therefore lies in FN and is the point p. 

FN _ a cos ^ _ « 
pN ~ b coa tf> ~ b- " 

The angle is called the eccentric angle of the point P, 
and CpP" the eccentric radius vector of the point F. 



Thus 



Thus 
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124. lixy, x'y" be two points on the cuiTe 

then 3 — + ^ — j^— = 0, 

x' — x" _ a' y + y" 
y -^y"~ }? ' x-\-«" 
Thus tho equation to the chord joining the points is 



md the equation to the tangent at ^y', found by making x ■ 



or l?-+'f -> (!)• 

Thia can of course be obtained by the method of Art 100. 

The normal is perpendicular to the tangent, and therefore its 
equation is of the form 



And 33 the normal contains a!y' the constant is 

vi y 
or 1^ — 1?. Tims the normal's equation is 



[es 8, 9. 

125. The equation to the tangent can be expressed in terms 
of the tangent's inclination to the axis of x. For the equa- 
tion 13 

SV , }? 
J/ = _ a, + — . 
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SE. 


And 


if 


» 


denote - 


<■■»' 1 


that w 


refore 


v' 


^ 


an^^h' 


, this iDecomes 




= mxi.Ja 


m' + S'. 



^('-^' 



The sign is douttful, because too tangents can be drawn in 
a given direction to an ellipse, (Compare Chap. Vi. Ex, 15). 

Similarly, the equation to the normal can be put in the 
form 



y = mx ± - 



126. In the equation -^ + ^ = 1 put 2/ = 0. Then a^'=ffl'; 

that is, if the tangent FT at P meet CA! in T, and PM be 
P'a ordinate, 

CM. CT= a\ 
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Similarly, if TP meet (75 in t, and PiV te perpendicular 

to as, 

ON.Gt-i: 
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Let tlie normal meet the axes in G, G". 

In the equation -^---^=a'-J' make y=0. Then 



Makex=0. Then -?/= ^^^V, or GG' = e\^,i. GN. 

Also SG = ae + e'x = e.SP, 

and S'P=ae-e'x = e.8'F. 

Therefore (Euclid, TI. 3) the normal bisects the angle between 
the focal distances. The tangent bisects the supplemental 
angle, 

127. To find the hem of the foot of the perpendicular from 
the focus on the tangent. 

If 7j-mx = Ja'm'+F (1) 

be any tangent, the perpendicular :S^from S ia 

mi/ + x = ae (2). 

At the point Z, (L) and (2) arc both true ; therefore at Z, 
[y — mxf + {my + xf = aV + V -{- a'e', 
or, {x^ + y'){l + m')=aV + a', 

or, x'+/ = a\ 

Thus 2 (and similarly Z') lies on the greater auxiliary 
circle. 

1.28. The equation to the tangent can be expressed in terms 
of the tangent's distance from the centre, and the inclination of 
this distance to the axis. For let 

iKcosK + ^sina— ^ = (1) 

be identical with 

5!:+y|l_i=o (2). 
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Then 

a b 


THE ELLIPSE. 

1 VS+F 1 




« cos a h cos a 


P s/a' cos' a + 5= ain' a VaVos'et + i^si 


in'a 


Thus 


^ = V«"cos=a + 6%m%, 




and (2) becomes 


a: cos a + 1/ sin a = ^/a'' cos' a.+ b' sin' a. 





129. An important result can te obtained by Art. 128. 
Let T be the intersection of tangents TP, TF which cut at 




Draw the perpendiculars CQ, CQ, and let their inclinations 
to the axis be Oj -^ + «• Then 

C(^ — a" cos'' a + 6" sin'' a, 
and CQ'' = a' sin' a + 5° cos' a. 

Therefore (7^+ CA'^ or C2'^ = a.'+S', a constant. 

Thus the locus of the intersection of tangents at right an- 
gles is a circle concentric with the ellipse, and of radius 

This circle, by analogy with the directrix of. the parabola, 
is called the director-circle of the ellipse (see Chap, vili. 
Ex. 8). 
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130. The -^ + ^ — 1 of any point ia positive, zero, or nega- 
tive, according aa the point is without, on, or within the ellipse. 

It may be shewn (compare Art. 85) that from any external 
point can be drawn two tangents. The chord of contact corre- 
sponding to «'{/' is 

a" ^ b"' ■ 
Arts. 87 — 90, 92, 100, 101 can be slightly modified so as to suit 



131. To find the diameter covjugale to chords in direction 
[1, m]. 

T + (c — x' _ y~y' _ 

he the equations to one of the chords, x'y being the middle point. 
At any point of the chord 

x = x' -\-lr, y=y'-\-mr; 
and at the points where the chord and curve intersect 



/x' + lr'sJ' /y +mr\' 



The values of r in this quadratic are equal and of opposite 
sign. Therefore 

a" b' ' ' 
Thus the locus of x'y is the line 

5 + f = o (.) 

which passes through the centre of the ellipse. 

By varying the ratio of Z : jw we can make the coefficients 
in (1) have any ratio we please. Thus, every central chord is a 
diameter. 

It I, m be oii\j proportional to direction-cosines, equation (l) 
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J3 not altered. Let (l', m') te in this general case the direction 
of the line (l). Then I', m' are proportional to 



that is, 



The ayrmnetry of (2) proves that if a diameter in direction 
{I', id) tisect the chords in direction {I, m), then the diameter 
in direction (J, m) Ijisects the chords In direction {V, m'). Two 
such diameters are called conjugate. 

Any line parallel to one diameter is conjugate to any line 
parallel to the other. In short, the directions (litn), {l',m') may 
be called conjugate, and (2) is the condition for this relation. 

The diameters y=mx, y=^m'x are conjugate if 
' = _^ 

132. From any point Q on the curve draw QP, QP' to the 
extremities of a diameter. These chords are called supplemental. 




The line from the centre to the middle point of QP bisects both 
QP and P'P, and is therefore parallel to QP'. Thus, supple- 
mental chords are also conjugate. 

133. The tangent at an extremity of a diameter, being an 
extreme chord of the conjugate system, is parallel to the conju- 
gate diameter. (See Art. 83.) Let PP\ DD' be conjugate 
diameters : then the tangents at P, F, D, V form a parallelo- 



y Google 



THE ELLIPSE. 12rf 

gram circumscribing the ellipse. The normals at P, P' are per- 
pendicular to D, U. 

134. Qwen s', y' tlie co-ordmates of an extremity of a dia- 
meter, to find s", y", those of an extremity of the conjugate dia- 
meter. 

Since the lines —, = ^, ^, = -^ are conjugate, by Art. 131 
X y a: y 



6_y_£_J_£ 



or ic= + -7-j ^~+'^' 

Gob. The eccentric angles of the points xy\ a^'y" differ by 
a right angle. 

135. The stun of the squares of two semi-conjugate diameters 
is constant, for 

x'^ + y'^ + X-" + y"' = x" (l + y -I- y" (l + j) = «' + ^'. 

136. Also the parallelogram in Art. 133 is of constant area. 
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"For draw PF at right angles to DD'. Then FF=ihe perpen- 
dicular from C on the tangent at F 

= Va' cos' a.-vb" sin^ a, 

if a. be the inclination to CA' of this perpendicular (Ai-t. 128). 

Also, as - + a is D'a vectorial angle, 

Thus the area = 4PF. CD = lab. 

137. Tlie diameters y = mx, y^ — mx are conjugate if 
5' 



Let j», wj' he numerically equal, then these conjugate dia- 
meters, being equally inclined to AA', are equal. And [since 



tangents at A, A', B, B', 

The length of an equi-conjugate radius vector is a/ '^ ■■ 
(Art. 135). 

138. Let 8P, CD meet in E (see fig. to Art. 12G) ; PM, CD 
in R; and let SZ^^is, S'Z' = ^', 8P = r, SP'^r'. 

It can be shewn geometrically that 

«rcr' = J'.. (l)j 

and that PF is equal and parallel to CZ', and that therefore 

PF^a (2). 

Then as the angles 8PZ, 8FZ', PEF are equal, their sines 
are equal. Thus 
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tLerefoi'e as ra-sr' = h', 

rr'=OD' (3), 

which therefore =0.^ — eV, and 

«r= = J'-^, ^" = 5'- (4). 

Again, from the nature of the quadrilateral GFSM, 
PF,PG = PM.PR 

= CN. Ct 

= !>' (5). 

Similarly PF.PG' = a' (6). 

These results may also be obtained by analysis. 

139. To~ find the, aquation to the ellipse referred io two con- 
Jugate diameters as c^-ordinate axes. 

The equation may be arrived at by the formula of trans-' 
foi-mation (see Chap. iii. Ex. 25). But we shall proceed ot&ei-- 

Let a, V be the lengths of GP, CD, the semi-conjugates whicli 
aie to be the axes. Assume for the equation 

^a!' + 5/+O + 2-Dj/ + 2^a: + 2^j;!/ = (l), 

(a legitimate assumption, by Art. 103), 

For each value of x between a and —a the two values ofy 
are to be equal and of opposite sign. Thus, for an infinite num- 
ber of values of x, 2l) + 2Fx vanishes. Therefore i? = and 
^=0. Similarly £-= 0. 

AVe have now reduced (1) to 

»'-4+4=' »■ 

~A A 
Make ^ = i then a;', or a", = — -j • 
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Make a; = ; then y', or V^, = - ■^' • 
Thus the equation souglit for is 

140, The equation to the tangent at x'y' (or to the polar 
of a;'/) is now 

^+f-'=i (1), 

and the directions (Zm), (^m') are conjugate if 

The reader will easily prove that tangents at the extremity 
of any chord meet in the conjugate diameter. 

141. To find the ^olar equation to the ellipse, the focus hctng 
pole. 

In the figure of Art. 119 let SP=r, and the angle A8P=e. 
Then 

SP = e.PN'=c.EM=eiE8+SPcosP8M), 
or r = ep — er cos 0. 
Thus the equation is 



ep 



= 1 + e cos 6 



or ''^ — ^ = l + eco3^, 
, if i denote the semilatus-rectum, 



- = 1 + e cos 6 



If had teen the angle A'SP, the equation would have 



- == 1 - c cos ^. 
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Examples on Chaptee IS. 

N. B, Wlieti notliing ta implied to tlie contraiy, it is to be 
understood that the equation to the ellipse is -5 +C = 1. 

1. Find the equation to the ellipse which has the point 
(1, — 2) for a focus, and the line Sa; - 7?/ = 2 for the correspond- 
ing directrix, the eccentricity being ^. 

2. What is the eccentricity of the cui've 

3. What are the eccentricities of the curves 

and what are the co-ordinates of their foci? 

4. The equation to the ellipse referred to its vertex A as 
origin is 

a?^b'~ a' 

5. Find the equations to the tangents at the extremities of 
the latera recta. Where do these tangents meet AA' ? 

6. Two pins arc fixed In a table at a distance 2c apart, and 
over them is thrown an endless string of length 2 (« + c), which 
is kept tight by an upright pencil. Find in the simplest fonn 
the equation to the curve traced by the pencil on the table. 

7. Find the equations to the tangent and normal at any 
point of the curve in Ex. 4. 

8. Prove that the equation to the chord joining the points 
whose eccentric angles are 0, ip' is 
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9. Deduce equationa to tlie tangent and normal at one of 
the points. 



10. Apply the form y = mx-'r Ja^nt' -\-V to find the locus 
of the intersections of tangents at right angles. 

11. Is the point (1, 2) within or without the curve 

12. Find the points of the ellipse ix^ + ly' = 3, where the 
tangents are c^aally inclined to the axes. 

13. rind the area of the triangle TGl (iig. to Art. 126), and 
prove that if P be an extremity of a latua rectum, 

I\TCt ; l\Sm :: 1 : te\\-i). 

14. A line of given length moves with its extremities on 
two fixed lines at i-ight angles. Shew that the locua of any 
point in the line is an ellipse whose semi-axes ai'e eq^ual to the 

3 of the line. 



15. Assuming that the equation y=mx + J a' ni' + b" repre- 
sents a tangent to the ellipse, prove that two tangents can be 
drawn from an external point, and find the locus of the point 
when the tangents include a given angle, 

16. How many normals can be drawn to an ellipse from a 
given point in the major axis? How many from a given point 
in the minor axis ? 

17. The line joining the centre to any point is conjugate to 
the polai of the point. 

18. If CP meet the polar of P in ^ and the curve in B, 
then CP.CQ=CR\ 

19. The directrix is the polar of the focus. 

20. A chord PQ parallel to AB meets the axes in M, N. 
Prove that PM= QN. 
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21. In wliat positions of CP and CD is the angle PGD a 
inaximtLm or minimum? 

22. In the ellipse (aee % to Art 126} GT . CM= CD\ 

23. \ip, r be the central perpendicular and radius vector, 



24. If j^, r be the focal perpendicular and radius vector, 

Zi'' _ 2« 
f~ r 

25. Prove that the lines CZ, CZ' are parallel to S'P, SP, 
and find the locus of the intersection of the diagonals of the 
parallelogram formed hy these four lines, 

26. The ellipse being referred to the equi-conjugate diame- 
ters, find the equation to the normal at any point. 

27. li QVha the ordinate to any diameter PP', then 

PV. VP' CF" 
and if the tangent at Q meet OP in T, then GV . 0T= CP". 

28. If a, be the direction-angles of a central perpendicular 
p referred to two conjugates, 

p^ = a^ cos^ a + b^ cos^ j9. 

29. The circles described on SP, S'P touch the larger 
auxiliary circle. 

30. Find the co-ordinates of the middle point of the chord 
y = mx + c, and if m be given find the loeus of this point. {<u). 

31. Find the locus of the intersection of tangents at Pd nd 
-Z), and the locus of the middle point of PD. 

32. If C'P',Oi)'beBemi-conjugates,the triangles CPP', ODD' 
are equal. 

T. G. 9 
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33. Find the condition that two pairs of conjugate diameters 
may form a harmonic pencil, 

34., Find the .polar equation to the ellipse when the foot of 
the directrix ia origin and the directrix the initial line. 



36. The snms of the squares of the reciprocals of central 
radii at right angles are constant. 

37. Find the equation to the common diameters of the 

ellipse -= + Y5 = 1 and the circle a;^ + ^^ = (?. 
' a ¥ " 

38. Find also the equation to the common tangents and 
prove that, if c'=a5, the common diameters bisect the common 



39. Find the angle of intersection of the curves in Ex. 37 
and the length of common tangent. 

40. The points from which four normals can be drawn to 
an ellipse, two and two at right angles, lie in the equi-con jugate 
diameters. 

41. Find the locus of the middle points of chords drawn 
through a fixed point. 

42. When is a curve symmetrical with respect to a given 
line? 

Prove that the curve a;' + y" = a' is symmetrical with respect 
to the line x = y. 

43. An ellipse slides between two lines at right angles. 
Find the locus of the centi-e. 

44. Two ellipses equal in all respects have the same centre. 
Prove that their common tangents form a rectangle. 
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45. From the equation ^=mx-i- Ja^m' + h^ deduce the 
equation to tbe tangent to the parahola. 

46. Find the loci of the points £, F, R in the fig. to Art 
126. 

47. Pis a point on the auxiliary circle, and PA, PA meet 
the ellipse in Q, Q'. Prove that 

AQ^AQ- ^^V'- 

48. Given the foci, to what form does the ellipse approxi- 
mate as the eccentricity increases? 

49. Given the points A, A, to what form does the ellipse 
approximate as the eccentricity diminishes ? 

50. The locus of the foot of the central perpendicular is 
the curve 

(»'+/)'=«v+jy. 

51. From a fixed point on an ellipse a chord is drawn, and 
a diameter ia drawn parallel to the chord. Find the locus of 
the point where this diameter meets the tangent at the variable 
extremity of tlie chord. 

52. Find the condition that the line Ax-\-By-^ G may 
touch the ellipse (see Art. 128). 

53. Find the condition that the line joining the points 
xy, ic'y may touch the ellipse, and hence prove that the equation 
to the two tangents from as'y' is 

i' [x - x'Y + a^(i/- y'f = {xy' - yx'f. 

54. A right-angled triangle having its right angle at a 
given point is inscribed in an ellipse. Prove that the hypothe- 
nuse meets the normal at the right angle in a fixed point 
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THE HYI'ERBOLA. 

142. We return to the equation 

(a!-^)= + y = eV (1) (Art 118), 
and now take the case in which e > 1. The curve is the hyper- 
bola. In (I) make 3^ = 0: then a; =7^ or -r^- Thus 

W 




if j4, a he the points where the curve meets E8, FA = 
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and EA' = —^ , A, A' lying on opposite sides of E. Alao 
AA- = -?^ , and if C be the middle point of AA', A0 = -^^ 
«aAEO=^iEA'-EA)=^^ = ~. 
Also 8C = ii{SA + SA')=^(e.AE+e.AE')=e.AG. 
Thus GS.OE=CA\ 

Again, ill (1) mate x = — EC or — ^— , '■ then y^= — r^- 

Thn8 the cuive does not meet in real points an ordinate through 
C. But It is convenient to take B and B in this ordinate such 

GA.^!e'-~\. The semi-latus rectum 



9^C£' = y^ = 



isep lyr Av .{l — e) or -j-^ . 



143. Foe any value of y the semi-sum of tlie values of x is 

the constant - -^-^ . Thus the line x = — -^— , or BB' di- 
e' — 1 e — 1 

vides the curve symmetrically. In EO produced talte E', S', such 

that CE'= GE and (7-8"= GS, and draw E'I{ parallel to OB. 

Then 5' and E'N are a focus and directrix by means of which 

the curve could have been described, and if P be any point on 

the curve and FNN' a parallel to AA' meeting the directrices in 

SP=ePN and 8'P=ePN'. 

The lines A A', BB' are the transverse and conjugate axes 
of the curve. The points C, A, A' are the centre and vertices. 
Every chord through is bisected at 0. 

J_,etAA''=2a,BB = 2h. Then 

a'^b^e'-l), GS=ae, OE='i. SL = - = a{e' -1). 
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144. Writing x - , for x we obtain for the equation to 
the ciirve referred to the centre, 

^(i!*-i)-y"-«'(«'-i), 

or 5-^=1 (1). 

When a;' < a', j' is negative. Thus the curve has no real 
point between the lines x = a,a; = — a. Wheu x is infinite, 
so is J/. Thus the curve consists of two infinite branches. 

The polar form of (1) is 

1 coa'^ fiin"^ 



These lines are the diagonals of the parallelogram fonned by 
drawing parallels to the axes through A, A', B, S. They are 
called asym'ptotes of the curve. 

145. Let Pitf be the y of any point xy on the curve. Then 

the equation -i — 5;-^ = 1 asserts that . ,. ■ -T,-irf= -irTH- 
^ or IT AM.AM Av 

Also SP = e.ME=e{CM-OE)=ex~a, 

S'P^'e.ME'=e{CM+CE')=ex + a. 

The difference of the focal distances of any point on the curve 
is the constant 2a. 

14i6. There is no restriction as to the relative magnitude of 

and h. For, as the curve can have any eccentricity from 

i^ , ■ ■ , 

1 to cc , e' - 1 or -^ can have any positive value. 
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When 6 = V2, a = h, and the asymptotes ai-e at right angles. 
This hyperbola is called equilateral or rectangular. Its equation 
is s>^ — v' = a^. 




147. Let 5, ^ be called /a^severtiGes of the curve*. Then 
the hyperbola whose real vertices are B, B' and fake vertices 
A, A' has the same asymptotes as the first hyperbola, for they 
are derived from the same i-ectangle. Each hyperbola has the 
real and false vei-tices of the other for its own false and real 
vertices. The carves are called conjugate hyperbolae. 

Let P bo any point on the new curve. Draw iW perpen- 
dicular to OB. Then 

CB' 0A^~ 
That is, the equation to the new curve is 



= 1; 



and it is derived from the equation 



by 

* The true vertices on 



- b\ or by changing the 1 into - !• 
lOnjagnie axes are imaginary, being the points 



y Google 



136 THE HTI'EKBOLA. 

148, The equation to the tangent at x^ is 

a' b'^^ ^^' 

The equation to tlie normal is 



x' i/' 

Other forms of (1) and (2) are 

y = mx ± ^aV — J>' 

(»'+t')» 



.(2), 



y = mx ± - 



.(3), 
■ W- 



All these results can be obtained fiom Arts. 124, 125 by 
writing — b^ for b\ 

149. As in Art. 126, 




CM..GT=a\ ON.Ot = h\ GO=^i.GM, OG'^e'.GN. 

Also 5(7 = e^!c - ae = e . 8P, 

and fi"(?=e'a;+«e = e.fi"P. 

Therefore (Euclid vi.A) the normal bisects the external angle 
between the focal distances. The tangent bisects the internal 
angle. 
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The I0CU8 of the foot of the perpendicular from the focus 
on the tangent is the circle described on AA' as diameter. 

150, Corresponding to the formula 

P^ = a? cos'' a+i^ sin' a 
of Art. 128 we have 

p' = a^ cos' a — P sin^ a. 

The perpendicular vanishes, or the tangent passes through 

the centre, when tan^ a = ^ . The equation to the tangent is 

then ^ = — cot a. a or y =3 :f- .x. That is, the asymptotes are 

two tangents drawn from the centre. The chord of contact is 
the line at infinity, and the centre ia the pole of the line 
at infinity. 

In the ellipse and hyperbola^ is always finite. 

In the parabola the focal perpendicular is war, and when r is 
infinite, so is "Jar. Thus every parabola touches the line ai in- 
finity. 

The radius of the director-circle is Va' — V. The radius of 
the director-circle of the conjugate hyperbola is '/V'—a'. Of 
the two circles one is imaginary, except in the rectangular 
hyperbola, when both are reduced to a point-circle at 0. The 
circle with centre and radius V«*-S^ is always the director- 
circle of one of the curves. 

151. If a point lie within (or on the concave side of) the 
curve, its -2 — p — 1 is positive, for this is the case at a point 

within the curve on the axis of x. Similarly the 4 — fa - 1 of 

any point outside (or on the convex side of) the curve is 
negative. (Cf. Arts. 56, 95,) 

It follows that two tangents can be drawn from an external 
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point siy', the equation for determining the x of a point of con- 
tact being 

The product of the two values of x ia positive or negative 
with 



That is, the tangents from ^y' are drawn to the same or dif- 
ferent branches of the curve according as oiy' lies or does not lie 
in the same angle of the asymptotes as the curve. 

The chord of contact, or the polar of the point al'jf , has for 
its equation, 



yjL. 



Arts. 87 — 90, 92, 100, 101 may be slightly modified so as to suit 
the hyperbola. 

152. Art. 131, when 5" is changed to —V, applies to the 
hyperbola. Thus the diameter conjugate to 
X _y . Ix _ my 

and the condition that the directions ij, m), [l', m) may be con- 
jugate is 

W mm' _ 

«° b" 
Hence conjugate diameters of a hyperbola ai'C also conjugate 
diameters of the conjugate hyperbola. 

Let tlie diameter conjugate to PP' meet the conjugate 
hyperbola in D, U. Then the tangents at PP' are parallel to 
Biy (cf. Art. 83), and, as PP' is conjugate to DV in the 
conjugate hyperbola, the tangents to that curve at D, D' are 
parallel to PP'. 

The diameters y = mx, y = m'x are conjugate if mw' = -5 . 
If nt be numerically less than - , m' is numerically greater than 
- . That is, of two conjugate diameters one meets the h 
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and the other the conjugate hyperbola. Art. 132 needs no 
alteration except in the figure. 

153, If xy' be the extremity of any diameter and a;"j/" an 
extremity of the conjugate so that ^'y" lies on the conjugate 
hyperbola, then, since the lines 



x' y' V^'^ y' 



■' a 

154. The difference of the squares of two semi-conjugate 

MO' 
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diameters is the constant <s' - i^, and the area of the parallelogram 
formed by tangents at their extremities is the constant 4a5. 

In the equilateral hyperbola a^-P = and therefore all pairs 
of conjugate diameters are pairs of equal diameters, equally in- 
clined to either asymptote. 



155. The notation of Art. 138 being adopted, the results 

hold for the hyperbola. 

156. The equation to the hyperbola referred to CP, CD 
as axes, the lengths of GP, CD being a, V, is 



Thns the expression -a - ^ has been transformed to -75 — 1~ . 
Therefore the locus of the equation -sr - ttt = is now what was 



totes are the diagonals of the parallelogram in Art. 154, and the 
line PD is, by geometry, parallel to one asymptote and bisected 
by the other. (This line has not been drawn in the figure.) 

The polar of xij is now —^ ~yi =1, and the directions (^,ot), 

(?'m') ai-e conjugate if -7s — -fts- = 0. The reader will easily 
prove that tangents at the extremities of any chord meet in the 
conjugate diameter. 
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157, To jind the equation to the hyperbola referred to the 




Let P be any point ou the curve, x, y its co-ordinates CM, 
MP with reference to the axes of figure, a;, y' its co-ordinatea 
CM\ M'P -with reference to the asymptotes, and let 2a he the 
angle between the asymptotes. 

Then x = C3T= projection of the broken lino GM'P on CX 
= {x' + y') cos a, 
andy = iW=prqjection of the broken line OM'Pon OV 
= [y' - tc') sin a, 

Thus the equation -j — ^li = 1 becomes 

(3)'+/)' C Ds' g _ (a^ '-yrsin'tt _ 



or, since tan' a = -3 , so that — ^ = 

ix'y =a^+b''; 

, a' + b' 

or, accents suppressed, ccy = — j-~ . 



em" a _ 
b' ^ 
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158- This equation can "be arrived at in another way. 

For the equation -5 ~ C = 0, which represents the asymptotes 
ill the old system, is by hypothesis to become xy = (i. 

Thus the expression — — C wilt be transformed to something 

varying aa xy; say -^ ; and the equation — , — ^ = 1 will become 



Thus X= — - — J and the new equation is 

The new equation to the conjugate hyperbola is icy = — . 

159. Thus the equation a;y = <? represents' a hyperbola;, re- 
ferred to its asymptotes. By varying c we get a system of 
different hyperbolas having the same asymptotes and lying in 
the same angles of the asymptotes. A particular case is that 
in which c = 0. The carve is then reduced to the two axes. 

160. To find the equation to the tangent at any point of the 
curve xy = e^ 

The chord joining x'y' and x'y" [since x'y —al'y" = 0, so 
that x' [y' " y") + y" {x — x") = 0] has for its equation 

X y 
which becomes, when the points coincide, 
xy -H yx' — 2ccY = 0, 
or ,-cy + y«' = 2c^ (1). 
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This can also be obtained by the method of Art. 100. 



the portion of the tangent included between the axes is bisected 
at tlie point of contact. This is evident also from geometry (see 
Art. 156). 

161. The polar equation - = 1 + e cos ^ is the same for all 

conic sections. In the case of the hyperbola Z = « (e' - 1). 

Through 8 draw lines RJt^B^B^ parallel to the asymptotes. 
These intersect the asymptotes, and therefore the curve, at in- 
finity. And, as a ati-aight line can meet a conic in only two 
points, each of these lines meets the curve in only one point at a 
finite distance. 

Let 0, which is measured from SA towards 8R, change from 
to 27r. Tlien, since the extreme points of an asymptote are 
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consecutive points on the curve, the four quadrants of the curve 
will be deacribed in the order indicated by the figures 1, 2, 3, 4 in 
the figure, and in the direction indicated by the arrows. Thus if 
(3„ Q^ be the points at a Jintte distance where -S^Hj, Il,S^ meet 
the curve, the vectorial angles of these points are respectively 
ASQ^ and Sir — ASQ^ ; and those of the corresponding points Q,^, 
Q^, in the quadrants 2, 3, are tt — A8Q^ and tt + ASQ^. The radii 
vectores of all pointe on the further branch from 8 are negative. 

162. To find tlte polar equation to the chord joining the points 
0= « + /3, 6 = 0. — ^, on thecoma - = 1 + eco3^ (I). 

By giving the right values to A, B the equation 

i=Aco&{6-B) (2) 

can be made to represent any straight line. 

Suppose for a moment that the equation to the chord were to 
be determined in the form (2). "VVe should combine (l) and (2), 
and eliminating r, give to A and B such values that the equation 
in d might be satisfied by a + /3 and a — 0. But to facilitate 
the combination with (1) we shall assume for the equation to the 
chord the form 

- = J.cos(^-i?)+ecosi9 (3), 

which is equally genera! with (2). The elimination of r from 
(1) and (3) gives 

^cos(^--B) = l. 
Therefore ^cos(a + ^--B) = l = ^co8 (a -^-B) ... (3). 

These conditions are satisfied if a + 0- B= -{a — ff-B) 
(or B= a) and A =sec^. 

The equation to the chord is therefore 

- = sec ^ cos (^ ~ a) + e cos ^ (4). 
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By making ,S = we deduce the equation to the tangent at 
the point ^ = a, viz. 

-=co3{^-a) + ecoa^. 

163. If TF, TQ be two tangents to a conic, then T8 will 
bisect the angle PSQ, except TP, TQ be di-awn to different 
branches of a hyperbola, in which case T8 bisecfB the sap- 
pleraental angle. 




For let a, /3 be tlie vectorial angles of P, Q. Then the equa- 
tions to TP, TQ aa-e 

- = cos {d- a) + e cos e, \ = cos (5 - /3) + e cos 6. 
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Combining these ecLuations we hare, at the point T, 

coa{d-(i) =cos(^-^). 
Therefore e-a = ^-e {ov 2Tr + 0-0); 



thtis 



■I" 



that is, ST bisects the angle P8Q. with the exception stated 
above, 

164. Again the lines ST, S'T are equally inclined to the 
tangents. 



For draw 8Z, BY, 8Z', ST pei-pendicnlar to the tangents. 




Then 8Z. 8'Z=SC' = 8Y. S'Y'. 

8Z 8'Y' 
Thus SY=WZ'- 

Let each ratio =k, then if the lines TP, TQ be denoted by 
a and ^, the equations to TS, TS' will be 

which represent lines equally inclined to TP, TQ. 

165. The parabola is the connecting link between the 
ellipse and hyperbola, being an extreme case of each curve. If 
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the focus and the nearer vei-tex of an ellipse or hyperTaoIa be 
fixed (so that a (1 - e) is given), while e is made to approach 1, 
the centre and further focus and vertex move off to infinity (for 
a becomes infinite). And the semiktus-rectnm a(l~^) becomes 
2a {1 - e) ; and the equation to the curve referred to the vertex, 

becomes j/^ = 2ax (1 ~ c°) , 

or y^ = latus rectum x x. 



166, If the curve in Art. 164 be a parabola with focus > 
T8' is parallel to the ajiis. It can of course in this case 1 




proved independently of Art. 1G4, that the angles PTS, QTS' 
are ec|tial. 



Examples on Chapter X. 

1. Find the equation to the hyperbola which has the origin 
for focus and the line a; — 5^ 4- 3 for directrix, the eccentricity 
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2. Find the eccentricity and the lengths of the axes of the 
curve 

3. What are the eccentricities of the curves 

4. Find the centre and tho lengths of the axes of the curve 

5x^ — 2^ + a; — 7?/ = 0. 

5. Given the base and the dilFerence of the sides of a tri- 
angle, find in the simplest form the equation to the locus of the 
vertex, 

6. In any hyperbola if SE be a pei-pendicular to an asymp- 
tote, CB=CA. 

7. The distance, measured parallel to an aaymytote, of any 
point on the curve from a directrix is eqnal to the distance from 
the coi-responding focus. 

8. Gfive a practical method of describing a hyperbola. 

9. If ft, e' be eccentricities of two conjugate hyperbolas. 



10. Find the equation to the hyperbola which is conjugate 
to x^ ~ f + Ax + By -i- C=0. 

11. In the rectangular hyperbola PG = PG'. 

12. PQ is any chord perpendicular to a fixed diameter AB 
of a given circle. Find the locus of the intersection of AP, 



13. Also, assuming that the locus is a conic section, iind 
a priori its transverse axis and eccentricity. 
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14. Find the condition that the line Ax + By + G may 
touch the hypei-bola 

^-|"-1. (Art. 150.) 

15. Find the condition that the line joining xy, a!y' may 
touch tlie curve, and deduce the equation to the two tangents 
from x'y, viz. 

16. Is the point (-3, 5) on the convex or on the concave 
side of the hyperbola 

7/ - 3a;' = 2 ? 

17. The polara of the same point with respect to two con- 
jugate hyperhoks are parallel. 

18. A point moves so that ita polars with respect to two 
conjugate hypcrbolaa are a constant distance apart. Prove that 
the locus of this point is an ellipse, whose shape and position are 
independent of the constant distance. 

19. Find by transformation of co-ordinates the equation to 
the hyperbola referred to two conjugate diameters. 

20. The asymptotes and a pair of conjugate diameters form 
a harmonic pencil. 

21. Are the asymptotes a pair of conjugate diametei^s ? 

22. Find tiie equation to the noi-mal at any point of the 
curve 

^i/ = c= H- 

23. Express in polar co-ordinates the equations to the tan- 
gent and normal at any point of the curve 

r" sin 2d - a'. 

24. Perpendiculars are drawn from the pole to the tangents 
of the cm-ve r' coa 26 =a^. Prove that the locus of the intersect 
tions is the curve 

s-'^ra'cosS^. 
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25. Draw the curve i^ = a'coa2d, and prove that it cuts 
itself at right angles. 

26. Find the ratio in which the line joining xy, x'y' ia 
divided hy the curve xi/ = c^, and hence, prove that the equation 
to the two tangents iiam-x'y' is 

(xy + xy — 2c*)' =^{xy — (?) (x'y — c"). 

27. A chord P§ meets the asymptotes in P'Q'. Prove that 

pf=qq: 

28. A line meets the curves xt/= t^,xy = g^ in P, Q; P', Q'. 
Prove that P/^ = (?(/. 

29. A right-angled triangle is inscribed in a rectangular 
hyperbola. Prove that the hypothcnuse is parallel to the nor- 
mal at the right angle. 

30. If a rectangular hyperhola circumscribe a triangle, it 
passes through the orthocentre. 

31. If TP, TQ be tangents from 2" and PQ meet a directrix 
in Z, then TZ subtends a right angle at the focus. 

32. Find the foci of the curve 

o:y = <? (ffl). 

33. Given the foci, to what form does the hyperbola tend 
as the eccentricity diminishes ? 

34. Given the points A, A', to what form does the curve 
tend as the eccentricity diminishes ? 

35. Given the centre and directrices, to what form does the 
cui've tend as the eccentricity diminishes ? 

36. Prove geometrically the diametral properties of a recti- 
linear hyperbola, and give a geometrical construction for drawing 
the polar of a given point. 

Where are the foci and directrices of a rectilinear h 
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37. Tangents are drawn to a conic section from any point 
of a fixed circle through the foci Prove that the line bisecting 
the angle between the tangents passes through a fixed point. 

38. From the equation 



deduce the equation to the normal to the parabola. 

39. The semi! at [is-rec turn of any conic section is a harmonic 
mean between the segments of any focal chord. 

40. The segments, of any focal chord of a conic section sub- 
tend equal angles at the foot of the directrix. 

41. If one focua of a rectangular hyperbola be the point 
{a, h) and the corresponding directrix the line ~ + j — Ij then at 
tlie other focus 



42. A circle intercepts chords of given length from two 
given straight lines. Find the locus of ita centre. 

43. Given two conjugate hyperbolas, find the locus of the 
pole, with respect to one, of any tangent to the other. 

44. Point out among the examples given on the ellipse 
(Chapter ix.) those which can be adapted to the hyperbola. 
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167. We have seen tiiat the equation to every conic section 
is of the second degree, and therefore included in the general 
form of the eqaation of the second degi-ee 

aa;' + Sy +c + 2a'^ + 2J'iC+2c'a;;/=0 (1). 

"We shall now prove that every curve whose equation is of 
the form (1) is a conic section, whatever be the inclination of 
the co-ordinate axes to which (1) refers. 

The peculiar an^angement of terms and coefficients in (1) is 
adopted in order to ensure symmetry when a third symbol s is 
introduced, so as to malie the equation take the homogeneous 
form 

ax^ ^-hf -\- cz' + 2«'i/s + 2h'zx + 2c'xy = <i (2). 

The quantity s is variable only in form, being unity: it may 
be looked upon as a third co-ordinate of the point xy. Thus 
the points ag/Sj x'y'z are the points xy, oiy. 

We shall denote the left-hand sides of (1) atid (2) by ^ {x, y) 
and/(a!, y, s). 

When the origin is transferred to x'y'z without changing the 
direction of the axes, (1) and (2) become 

<i>{a, + a;,y + y')^Q, fix + x-,y + y',^+z')=0. 

Now fix + x', y -1-y, z -t- z') =f{x, y, d) +f{x, y', -J) + an 
expression which may be written in two ways, viz. 

2ai{(u:' + cy-|-5V)-l-2?/(c'ic' + jy-H«V)-|-D3(5V+«y-|-cs') (a), 
2(r' [ax + ay -f h') + 2y {ax +hy-\- dz) -I- 2^' (&'j; + ay + cz) (fi) . 
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If in either of the expressions (a), (J3) we interchange x and 
x, y and y, and a and s', we obtain the other expression. 

Of course we obtain ^{x + x', y + j/') f^om f{x + x', y + y, 
z +s') by making s and z' equal to 1. 

The terms of highest dimensions in (l) are not altered by 
merely transferring the origin. This is the case with all rational 
and integral algebraic equations. 

168. The general equation <J3 (x, y) = represents a conic 
section. 

I. Let the terms of highest dimensions ax^ + 1^/' +2o'xt/ 
form a perfect square {j^ + gyY- 

Then {xy) = {fx + gyf + 2h'x + 2c'y + c. 

If the Hnes^ + gy, 2h'x'+ 2c'y + o bo not parallel, let them 
be made respectively the axes of a: and y. Then_^+^^, varying 
as the distance of the point xy fi-om the line /a; H-^f^, becomes an 
expression varying as y, and 2b'x + 2c'y + a becomes in like man- 
ner an expression varying as x. Thaa the equation is reduced to 

X being some constant, and this represents a parabola referred 
to a diameter and tangent. 

Thus {_fic + gyy-i-2h'x + 2a'y-i-c = (1) 

represents a parabola to which the line 2h'x + 2a'y "+ c is a tan- 
gent, fx +gy being the corresponding diameter. 

If the lines /c + ^y, 2b'x + 2a'y + c be parallel, (1) represents 
two parallel lines. These are a parabola whose axis is a parallel 
midway between the lines, and whose focus and directrix are at 
infinity. (See Chap. vni. Ex. 32.) 

Thus, if the terms of highest dimensions in 4> i^, y) form a 
perfect square, that is, if ah — c'^ = 0, the locus of the equation 
(^ (a^) =0 is a parabola, and hy equating the perfect square to zero 
we get the direction of the axis. 

II. Let ab — e" be not zero. If we transfer the origin to 
x'y' we get an equation in which the terras of one dimension ai^e 

{ax + c'y' + h')x-\- {c'x' + I>y' + a") y. 
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The coefficients of ie and y vanish if 

, dc'-lV , , Vd-ad 

^ ~ z. -- i-i and y = —J- — ^ , 

ab — Q " ah — c 

Let X, y denote these ralues of ai and /. Then the point x)^ 
is at a finite distance, and by ti-ansferring the origin to xy the 
equation becomes 

a^ + ly^-V 2<!xy + ^ l^y) = 0, 
or, if k denote — (5^), 

ax^ + by'^ + 2c'xy — k (2). 

If ah — c'" be negative, the left-hand side resolves into two 
linear factors Ax +By, Ox + Dy, 

Let the lines Ax + By, Cx + Dy, which intersect, be made 
axes, then (a) becomes xy= a, constant, which represents a 
hyperbola referred to its asymptotes. 

Thus (2) represents a hyperbola of which the lines 

aaf + hy''+2c'xy=Q (3) 

are the asymptotes, and, if ab — c'" be negative, or, if the terms of 
highest dimensions break up into factors, then </> (xy) = repre- 
sents a hyperbola whose asymptotes are parallel to the lines to 
which the factors correspond. In other words, the directions of 
points at infinity are found hy equating to sero the terms of highest 



If B be the inclination of the co-ordinate axes, the lines 

c' {x' - y") + {h~ a:} xy = cos (f> {00? -hy^) (4) 

bisect the angles between the lines (3). {Of. Art. 58 or 190,) 
They are therefore the axes of figure of the hyperbola (3). By 
making them co-ordinate axes (2) can be reduced to the form 

Es^+F/^k (5), 

E and Shaving opposite signs. For {5} is the form of equation 
to a hyperbola referred to its axes of iigure. 

Again, if ah — c" be positive, the lines (3) are imaginary, but 
the lines (4) are stiU real and may be made co-ordinate axes. 
(For the condition of reality is 

(5 — «)''+4<3'^ + 4aJcos^a>4 (a-l-6)c'coS(a, 
or (5 — of {cos^ a -f- sin'w) + 4c'^ -|- 4a5 cos' w > 4 {a + h)c' cos^a>, 
or {{h-\-a) cosfo — 2c']'' + {b ~ a)^ sm^ a >■ 0). 
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Then a^ + ht/^ + 2c'xtf will still become Ex^ + Fp^, because, 
though the values o£ S and F be altered by altering those of 
a, b, d, yet their forms remain the same. The equation (2) be- 
comes therefore 

Ex^ + Ff = h. 

Here E and J'' have the same sign, for otherwise the curve 
would be a hyperbola and the iinea (3) therefore real. 

Therefore the curve ia an ellipse of which the squares of the 

h k 
semi-axes are ^, p. If the sign of h be not the same as that 

of E and F, the ellipse is imaginary. 

The lines (3) are imaginary asymptotes of the ellipse (2). 
The lines (4) are this ellipse's ases of figure. If E=F, and 

(•' = %, the ellipse becomes a circle. A circle is an ellipse with 

coincident foci and infinitely small eccentricity. 

If it = 0, and oS— c'^be negative, (2) represents two inter- 
secting straight lines. Two such lines are a rectilinear self- 
asymptotic hyperbola. 

If )t = and ab — c'" be positive, (2) represents two imaginary 
lines which, as the form Ex' + Fif' = assures us, are a point- 
ellipse. 

Thus all curves represented by the equation {xi/) = are 
conic sections. 

169. To find the centre of the conic ^(xy) = 0. 
Let X, y be the co-ordinates of the centre. Then' ^{x-'tX, 
y+y) has no linear terms. Hence x, y are the values of x, y in 
the equations 

ax + cy + 5' = 0, dx + 5?/ + «' = 0. 
These values are 

dd-hV Vd - aa' 
ab — c'^' ab — c'^ 

The centre of a parabola is generally at infinity. But if 
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dd — hh' and h'c — ad both vanish, the centre ig indeterminate. 
In thia case 

dbo + 2dh'c' — ad^ — bh'^ — cc'" = 0, 
or the parabola 13 rectilinear. Its centre may be supposed any- 
where in the axis. 

170. When the axes are rectangular they are turned through 
an angle 6 by writing a; cos 5 — ^ sin 5 for on, and xsmd + y cos 6 
for y. When this is done, aa? + 'iSxy + %° is .transformed to an 
expression of the same form in which the a, i, and d are 

a cos^ 6 + b sin^ + 2c' sin $ cos 8, 

a sin* ^ + J cos' 5 - 2c' sin cos 0, 
and {b — a) sin 0cq8 0+g' (cos' - sin' ^) , 

- cos 2$ + c sin 20, 



a + h 
2 

b 



-^ --cos2^- 



11 2^, 



Thus tfie values of a+b and ab— c'^ are not altered hy turning 
the axes. On this account a^-h and ab — c'^ are called invariants. 



Again, if we so choose 9 that tan 25 = =■, we ti-ansform 

° a~b 

aa^ + by''+2c'xy to the form Ex^-rl^y''. The innumerable values 
of differ by multiples of - , 

Another invariant in the transformation of (xy) by turning 
the axes is a'^ + 5", for i'x + 



ih' cos 6 + a' sin d)x-\' {d cos 9 -b' sin 8 

171. To find the lengths of the axes of the coni 
ax' + by' + 2c'xy = k, 
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The given equation can be transformed to aa?' + |Sj' = l, 
a and (3 being the reciprocals of the squares of the semi-axes. 
(In the case of the hyperbola either a or y9 is negative.) 

Thus 

, ^ i , 2c' 



k-^ ^k 



+ if-^iT-y (1). 



may be transformed to aaf + ^y' (2) by turning. 

The a+h and ab — ( 
of (2) area + ^anda^. 

Therefore a +^ = 
roots of the equation 



The a+h and db — c" of (1) ai'C — ^ — and — p^ , and those 



Therefore a+^ = — r— ^nil a/3= — j^ — , and thus a, /3 are 



The equation to the axes is (Art. 167) 

c'{x'-y')+{b-a}xy = 0. 

172. The asymptotes of tjj [xy) = are parallel to 

aa^Jrhy^A-'idxy^G (1). 

Therefore if 9 be one of the angles between them, 

^ ^ , aVc"" - ab 

tan tJ = + 7^ . 

- a + h 

Let 6 be that angle in which the curve lies; then, from 
eometry, sec - = e. Thus 

e 

/-s Y 2 tan- -./-5 — 7 

2V c ^ - ab _ 2 _ 2Ve'- l 



It will be found that if u. denote - — ^ ; — , 

'^ c' — ao 
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Smce M^-4^, Mng ^±^^{^c''+ (a-hy] i 

both values of e° are real But if ab>o'^, fi. is negatiTO and 
therefore only one value of ^ la positive. Thus if ^ {xy) = be 
an ellipse, we can find the eccentricity from (2). If a&<c'', that 
equation is not sufScient. The curve is a hyperbola, and the 
mere directions of tho asymptotes are not sufficient to determine 
in ■which angle of the asymptotes the curve is situated. 
The condition for a rectangular hyperbola Is a + J = 0. 

173. The carves obtained by varying Ic in 

aa'' + hy^ + '2e'xy = k 
have the same centre and asymptotes. Those for which h 
is positive He in different compartments from those for which 
h is negative. For the aa? + bi/' + 'icxy of. any point on one 
curve has a different sign from the a^ + ^y + Icxy of any point 
on the other curve. Tliat is, the curves are parted by the 
asymptotes (see Art. 177). 

The asymptotes of {Ax + By+C) (-Da;+ Ey + F)r^Gai-& the 
lines Ax + Bi/+0, Dx + Ey -i- F, and the conjugate hyperbola 
is {Ax-\-By->r 0) (I}x + Ey + F)=- G, since the transformation 
which reduces one equation to xy^h reduces the other to 
xy = -h. 

Thus ax' + hy" + 2c'xy = + i are conjugate curves. 

174. All the conies obtained by varying a', h' and e in 
^ {xy) = have their asymptotes parallel. Those obtained by 
varying only c are concentric and have the same asymptotes. 
Thus 

^ {xy) = constant 
is concentiic and co-asymptotic with ^ {xy) = 0, and only one such 
curve can be drawn through a given point x'y', viz. 
^{xy) = (}>ixy). 
Let xy be the centre of {xy)=0. Then (f> {xy) = (f> (xy) (1) 
must he the asymptotes. 

If in the expressions (a) or (fi) of Art. 167, we write x, y, s 
for x', y', s', the result is 2f{xys:). 
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Thus f{xyz)-^z{p'x-^dy-^c'z), 
and ip{xy)= Vx + a'^ + c 



f c 1)7 Art. 169. 



Thus (1) may be written 

«ic' + S/ + ^dy + 26'a; + 1c xy \ 



act^ + hh'^ ~ 2a't'c' 



175. If through any point there he drawn two lines infixed 
directions to meet a conic section, the rectangles under the segments 
of the lines are in a constant ratio. 

(Tliis Tbeorem includes Euclid iii. 35, 36.) 

Let any position of the two lines be made co-ordinate axes, 
and let 

ax^ + by^ + c + 2dy + 2b' x + Sc'xy = 
be the equation to the curve. The rectangle of the intercepts 




and similarly j is the rectangle of the intercepts on the asis of ^. 
The rectangles are in the ratio - , which, as a and h do not 
change except with the direction of the axes, is invariable. 
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Ex. Let QVQ be a double ordinate to the diameter PF in 
an ellipse, and let BOU be the diameter conjugate to PP . Then 

KVq _ GD. OP' 



VP.VF' CP.GF PV.P'V OP"' 

Again, let TB, TW be tangents parallel to the central radii 
OP, OR Then 

OP^_T^ CP _TD 
G£?~ TR' '^^ OB TR' 

It follows also from this theorem, that if a pair of straight 
lines contain the four common points of a circle and any conic 
section, the straight lines are equally inclined to the axes of the 
curve, for the parallel centi-al radii are equal. 

By making two of the points move to coincidence with a third, 
we see that the common chord of the conic and the circle of 
curvature at any point makes the same angles with the axes as 
the tangent at the point where the circle of curvature is drawn. 

176. The equation for determining the length r of a line 
drawn from a given point x'y in direction \l, m] to meet the 
conic (^ {xy) = ia 

r* («?* + Jm' + 2c7m) ■V2r{l{aa^ ■{■ cy -\-h')-Vm {d x' ^-hy + a')] 

+ ^i^V)=0 (1). 

Thus the diameter conjugate to the direction (^, m) is the line 

I {ax + c'y + J') + m {g'x +hy + a') 

wliich passes through the intersection of the lines 

ax + c'i/-\- h, c'ai 4- 5y + «', 

that is, through the centre. 
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It' the centre be origin, tlie equation to the diameter may be 
written in two ways : 

I {ax + cy) + m {c'x + hy) = 0, 

or X [al + c'm) + y {c'l + hm) = 0. 

The condition that the directions {Im), {I'm) may be con- 
jugate is 

aW + hmvi' + c' {hi + i'm) = 0, 

and is the same for all curves which have the same asymptotic 
directions. 

177. The product of the values of r in equation (1) of 
Art. 176 is 

(^■^') 



al'+bn^-V'iolm' 

Thus the ^ {xy) of any point P yariea as the rectangle of the 
segments of a line PQQ' drawn through P in a given direction 
to meet the curve. 



The [a^] of a point changes sign as the point crosses the 
curve, for when the point is without the curve the s 
meaaured in the same direction, and their rectangle is \ 
but when the point is within the curve, the segments are measured 
ill opposite directions and their rectangle is negative. 

If al? + bn^ + 2clm be positive, the tp {xy) of all points without 
the curve is r 



A point ia within or without the curve according as ^(.r^) 
has or has not the same sign as ^(xy). 

T. O. 11 
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Arts. 175 and 177 are particulai' cases of theorems which 
hold for all curves that are represented hy rational and integral 
algebraic ecLuations. 



Similar Curves, 

1 78. By magnifying or diminishing the radii vectores of 
any curve in a constant ratio we get another curve of the same 
shape, or similar to the given curve. Moreover the two curves 
are similarly placed : corresponding chords, for instance, are 
parallel. If the radii of the derived curve he backward pro- 
ductions of those of the given curve, the curves are still similar 
and have corresponding chords parallel, bat differ in position by 
two right angles. The origin, or point whence the radii are 
drawn, is a centre of direct similitude in the first case, and of 
inverse similitude in the second. 

Thiis the curves 



are similar and similarly placed and their common focus is a 
centre of direct similitude. The carves 



e similar, but differ in position by an angle a. The curve 



is similar to (l) and similarly placed, and the common focus 
is a centre of inverse similitude. 
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If two conica o£ t!ie same eccentricity be applied together so 
as to have a common focua and the same direction of transverse 
axes, their equations can be exhibited in the forms (1), (2). 
Therefore the curves are similar, and conversely similar conies 
have the same eccentricity. 

All parabolas ai'e similar cuiTes. 

All similar and similarly placed conica must have virtually 
the same highest terms in their Cartesian equations, since their 
asymptotes are in the same directions. 

But if ^, (xy) denote 

ax' + hi/" + c^+ 2«|'?/ + 2bj^x + Icxy, 

it is not necessarily true that the curves 0, 0, are similar. For 
their equations referred to their centres scy, x^y^ are 

aa? + hif'-{-2c'xy = — <^{xy), 

oar" + jy + 'ic'xy — — ^'x i^v yi)' 

and if ah < c'", it is not certain, unless the signs of ^ (xy) , 0, (ic, y) 
be known, in which angles of then: asymptotes the curves lie. 



The curves ^(a^) =0, 0,(cc^) = O are similar except ^(xy), 
4" (^i ^J have opposite signs, and then their eccentricities e, e^ are 
connected by the relation 



I 1 



= 1. 



Tangents, Poles and Polars. 

179. Let fi, : jj! be the ratio in which the line joining the 
points xy2, x'y'z' is cut by the conic f{xyz) =0. The co-ordi- 
nates of the point of section are 

lix' + fix i>,y' + i^y /ts' + jLi'z 
fj, + fi! ' /j,i- /i ' fi + fi ' 
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and these satisfy the equation to the curve. Therefore, since 
yis homogeneous, 

/(/w;' + ijIx, /j.y + fj-'y, fie + fis) = 0. 
The expanded form of this is 

fJ,^U'-\-fL''U+fJ.IM'V=0 (1), 

if U, U' denote f{xj/z), fi^y's"), and Y denote either of the 
expressions (a) or (yS) in Art. 167. 

I. Let the line touch the curve. Then the two values of 
the ratio y. ; /*' are ec^ual ; the condition for which is 

r' = 4J7£7' (2). 

If the point <ay'd be given, and tc, «/, s he 'cun'ent' co-ordi- 
nates, (2) ia the equation to the two tangents from xy'z. 

Ex. To find the equation to the two tangents from aly to 
the ellipse 

a 

Here H'y')'-^^^.-'?, 

and F-2/~ + a_sj'^. 

Therefore tlie equation {2)'ia 

II. Let the line touch the curve at s!y'z'. Then both 
values oi fj. : ft are infinite, so that both IT and V vanish. 
Thus 

7=0- (3) 

is the equation to the tangent at x'y's. 

Ex, The tangent at x'y' to the curve if> ixy) = is 
{ax + dy' + &') a; -I- (cV -|- ly +a')y + h'x' + ay' -f c = 0. . . (4) . 
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It can be shewn (as m Art, 86) that (4) ia the equation to 
the chord of contact of two tangents from cdy . 

III. Let the line joining the two points he cut harmonically 
by the curve. Then the valucB of /* : /*' are equal and of op- 
posite sign : that is, 

F=0. 

Thus, if ic'^/'s' be given, 1^= is the equation to the locus 
of the other point. The locus is therefore a straight line. 

Hence, if throngh a given point a radius vector be drawn to 
a conic and the harmonic mean between its two values be 
measured upon it from the given point, the locus of the ex- 
tremity of this new radius vector is a straight line. 

This straight line is called the pofoir of the given point, 
and the given point is called the po?e of the given line (see 
Art. 90). 

Ex. The polar of the origin with respect to ^ [xy) = is, 
since Y in this case is 

z {b'xA-dy + c), 

b'x-\'ay-^c = (y (!i). 

The polar form of <p {xy) = is 

^'(af + Jm' + 2c'H+2r (57+c'm)+c = 0, 
and the harmonic mean between the values of )• is 
c 
"i7 + c'm" 

Thus, the equation to the locus of the extremity of the har- 
monic mean is 

r(57 + c'm) + c=0, 

which agrees with (y). 

180. To find the axis of the parahola 

ifx + gyf + 2a'y + 2h'x + c = 0. 
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The polar of siy is 

^ {/{/«' +^y) + '''I ^y\3 ifa'+ay') + A + ... =o...(i), 

and tlie direction of the axis ia (Art. 168) 

fa^gy-^ (2). 

The axis is the locus of points whose polars are perpendicular 
to the a^. Thus \i^y' lie on the axis, the lines (l), (2) are at 
right angles, or 

f O' + ay') +0 +y (.A +9y) + ?«' = «■ 

The equation to the axis is therefore 

181. To find the latus rectum of tlie parabola 

(fx -\-gyf + 'iVx + "idy + c = 0. 
Let 8 be the angle hetween the lines 

Jx + gy, 2'b'x + 2a'y + c, 

80 that sin 9 = ■ ^... ^ ~A^^= ^ ^ , 

when these lines are made axes of x and y, 

fi>+jy 

will become y sin 8, and 



2 ■^/a'" + V 
will become — x sin Q, so that the equation will be 
/ (/° + ff') sin ^ = 2a; Va^+^. 

Now, if 4a be the latus rectum, we know that another form of 
this equation is 

y = 4a cosec' 8 . x (jVrt. 114). 

Therefore 4a cosec* 8 = —-is »— cosec 8. 

r+9 
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(/■+/)• 

182. To find the director-circle of the conic <j> (xy) =0. 
The lines 

v'~izm' = i) (1) 

are at right angles if the sum of the coefficients of x^ and y^ in 
(1) vanishes. 

Now 

^ ={{ax' + cy + 5> + (o'x' + hif- + a') 2f +...]' 

— U' . {ax'^ hi/^ + 2o'x^+ ...). 
And the sum of the coefficients of a^ and y' vanishes if 

{ax' + dy' + 5')= + {dx + hy + a')' = (« + J) 17'. 
The equation to the director-circle is therefore 
{ax + dy + ly + {c'a: + 5j/ + a')' 

= (cf-|-5) («a^ + V + ^+SaV + Sj'ar + Sc') (2). 

In the case of the parabola, the terms of highest dimensions 
in (2) disappear, and (2) becomes the equation to the directrix, 
viz. 

2 J' {(KB + 4y) + 2a' {dx + hy) + «■' + V^ = {a + 5) (c + 2a'^ + 25'fl:) , 

OT 2 {oi'c'-J5')a; + 2 (JV-««')«/-l-a"'-i-S"'-(« + i)c = 0...(3). 

Again, for determining the pole of a line Ax + By ■\' G yjQ 
have the equations 

ax + c'y + &' _ c'ic -^-hy + a' h'x + a'y 4- ,, 

^' "^^^ "- G ^^'' 

"We can therefore find the pole of the line (3), that is, the 
focus of the parabola, 

183. All chords of a conic section which subtend a right 
angle at a fixed point of the cwrve, intersect in the normal at 
that point. (Compare Euclid, III. 31.) 
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The fixed point being origin, let the equation to the conic be 

(Kc' + 5/ + 2a'j/, + 26'a; + 2c'a^ = 0. 
The finite intercepts on the axes are 

"V h ' 

The chord which joins the extremities of these intereepts is 

-1-, + — ^,-1 (1). 

^W_ _2«' ^ ' 

a b 

The tangent at the origin is (Ait 100) 

The normal is therefore 



The lines (1) and (2) meet in the point 

_ - 25' _ -2a' 

^ ^ a + 6 ' ^ ^ "a + 6 ' 
The distance of this point from the origin is 
2VaH"5'° 

which does not change when the axes are tnrned (Art. 170). 
The chords therefore all pass through a fixed point in the 
normal. 

184. Through ^ve points, no- fowe of which are in a straight 
line, one conic section and one only can he drawn. 

Let the axes be so chosen that two of the points are in one 
axis, and two of the rest in the other axis, and let these four 
points be 

(a, 0), («■, 0), (0, ffl, (0, P). 
Assume for the equation to the conic 

Ax'' + £f+ Cxy + I)x + i:tj + -l=0 (1). 
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Then, by the theoiy of quadratic equations, 



HK a a 


^=^- 


--.4 


rhu3 (1) takes the form 






"?,■/■, r,^-. /I , 


1\. /I , 


1\ „ 



..(2). 



Let ic, */, be tlie fifth point. Then by writing x^, y^ for x, y 
in (2) we obtain a simple equation for determining G. Thus 
one and only one conic can be drawn; through the five points. If 
the point x^ y_^ be in either axis, G is infinite, and therefore (1) 
must be xy — 0, representing a rectilinear hyperbola. If four of 
the points lie in a straight Hne, there can be drawn through the 
five points an infinite number of hyperbolae, all rectilinear. 

COE. The equation to a conic which passes through four 
given points can always be thrown into the form (2). 

185. If 6^=0 (1) and 5' = (2} be the equations to Wo 
conies, then S+XS' = (3) denotes a conic passing through their 
foui- points of intersection, and by properly choosing X may be 
made to represent any such conic, for X can be so chosen as to 
make (3) satisfied by the co-ordinates of any fifth point. 

186. Hence every conic section which passes through the 
intersections of two rectangular hyperbolas is also a rectangular 
hyperbola. For if the a+i of S and the a + 5 of S'' both vanish,, 
so does the « + 5 of 8-i- XS'. 

187. In the triangle ABG let AL be perpendicular to BO,. 
and let any rectangular hyperbola which passes through A, B, G 
meet AL again in D. 

The lines AL, BO are a rectangular hyperbola intersecting 
the curve in A, B, 0, D. Therefore the lines BD, A C, which 
are a rectilinear hyperbola, are also a rectangular hyperbola. 
Therefore BD is at right angles to AG. Thus 
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C 



If a rectangular hyperbola drcumscrihe a triangle, it passes 
also through the intersection of p&rpendicula/rs. 

188. The readier of the Differential Calculus can well apply 
the notation of that subject to Piano Co-ordinate Geometry. 

To begin with Art. 167. By a -well-known expansion 

+"»+ +^2"'*4+ 

4- terms which involve higher differential co- 
efEcienta and therefore vanish, 

The terms of one dimension in x, y, s are 
,df ,if ,if 

or, if/stand iorf{x'y's'), 

"^d^^^dy'^^dz ^^^■ 

Thus the F of Art. 179 stands for either of the expressions 
(1), (2), and the equation to the polar of any point is found by 
equating either of these expressions to zero. 
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The equations for determining l!ie pole of a given line 

Ax+Bij+0 (3), 

as found by comparing (3) with (2), are 

^ df df 

dx dy dz 

189. Again, the equations for determining the centre of the 
conic ^ {xy) = are simply 

# = 0, #.0, 

dx dy 

(each of whicli represents, therefore, a diameter). 



The ^ (icj)'3 of two points in the same diameter and equi- 
distant from the centre are equal (Art. 177). At the centre 
1^ i^xy") is a maximum or minimum. 

Also, since 2/(^.) =^^+3,|+.|, 

f^yz) =^ ^ (compare Art. 174). 

190. The normal at any point ^y' of {xy) = is the line 

x — x' y — ?/ 
d^ dtp 

dx' ~d^ 

Let 1^ {xy) denote «ic° + idxy + S^^, so that 

-H'v)"'' » 

is the general equation to a conic referred to its centre. Then 
the noimal at x'y' is 

x-x' y-y' ^ 
d-if d^ 

dx' dy 
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If this line pass through the origin of co-ordinates, that is, if 
the normal he one of the axes of figure, 

da; dy 
or, xy lies on one of the lines 

dy "^ <hs~ ^ 

which, he it ohscrved, intersect at the origin, and are therefore 
the axes of figure. 

The lines 'f{xy)^0 (3), 

are the asjnnptotes of the curve ■>!" {xy) — h, and, since the axes of 
the curve bisect the angles between the asymptotes, the equation 
(9) re^esents the bisectors of the angles between the lines (3). 

191. The cq^uation to the axis of the parabola 

{ax + by-i- cf -i-dx + ey +/= (1), 

is, if X denote the left-hand side of (1), 

ax dy 
The ec[Tiation to the director-circle of <f) {ccy) ia 

The equation to the diameter conjugate to chords in direc- 
tion (fe) is 

ax ay 
and, if the centre be origin, this may be also written 

192. We conclude this Chapter by tracing three curves from 
their equations. 

I, The locus of 

{x + y-2y=y-Sx (1) 

is a parabola touching the line y~3x at the point where that 
line meets the line x+y — 2 (which is a diameter) and lying on 
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173 



the positive side of the line y — ^x, since the y—Zx of every 
point in the curve is ecfual to a perfect 8CL«are. The equations 
for determining the intercepts on the ases are 

ic" - iB + 4 = 0, 3/= - 53/ + 4 = 0. 
Thns the curve does not meet the axis of x in real points, liut 
meets the axis of y at the points [0, 1), (0, 4), From these 
ohservations the curve can he roughly drawn, whatever he the 
incliuation of the axes. 

But, to be more precise, if the axes be rectangular, the axis 
of figure is (Art. 180) the line 

x-^y-%=-\ (2), 

and the vertex, as we find by combining (1) and (2), is the 
point 
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The latus rectum (Art. ISl ; since the /, g, a, V are 1, 1, — ~ , 

- -1 13 VS, and the focus, which we find by adding to the co- 
ordinates of A the projections of SA on the axes, is the point 

In like manner, the directrix is a line through the point 

at right angles to the line x\y: that is, the directrix is the 
line 

a!_^+-=0. 

Transferring the origin to the points (0, l), (0, 4), we find 
the terms of lowest dimensions to be in one case x — ^y, and in 
the other Ix + ^y. Thus we know the directions of the curve at 
the points where it cuts the axis of y. 

Again, to find the points where the tangent is parallel to the 
axis of a^, we must find the value of y for which the values of a; 

in (1) are eijual. That value of ^ is t-t, and the corresponding 
value of a: is — r^ • Thus the line y^vT. is a tangent, and in 

like manner the line oj = ~ is a tangent, intersecting the former 
in the foot of the directrix. 
11. The equation 

a;'-a!y + 2/ = 8a! + 3y + 5 (l) 

represents an ellipse whose centre is at the point (5, 2). 
With this point as origin the ec[uation is 

a!= - aj^ + 2/ = 28 (2), 

for ^{xy)^h'x-\-dy-\-c (Art. 174). 
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The co-ordinates "being rectangular, the axes of figure are 
x'^-Sxif-y'^O (Art. 170 or 190), 
or 2/ = (+ V2 ~ 1) X. 
The polar form of (3) in 



Ssm if +2 sm" t 



Let tan ^ = m, so that 

sin — ■ , — 
Jl + 7. 



Y 


/-r 


~~~~\ 


. i 


ff 




Y^ 







Then 
and, if 
and 



•^ 1 + wi" 



/_^ 4T2V2 _ 2±4V2 
28 8T5v'2~ li ■ 



Thus the squares of the semi-axes are 8 (3 + ^/S), and the 
longer axis is in direction of the line y = (^2 — 1) x. 
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III. The equation 

{x -y) (io + 2^ - 3) + 7 = 
represents a hyperbola of which the asymptotes i 
x—y and a; + 2^ — 3. 




The curve lies on tte positive side of one line and on the 
negative side of the other, or in the + — and - + compartments 
of the two lines, 

The equation for the intercepts on the axis of a; is 

«* - 3ic + 7 = 0, 

the roots of which are imaginary. Thus the curve does not cut 
the axisof x in real points. The equation for intercepts on the 

axis of 2/ is 2^ — 3^ — 7 = 0, the roots of which are -^^— . 

The curve can now Tdc roughly drawn : but if greater accu- 
racy be required the reciprocals of the squares of the semi-axea 
may be found from the equation 



^"-7=^-l56-<'(^'""> 
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Examples on Chapter XI. 

1. Find an eq^uation to the parabola {x +y — S)''=2x — ^, 
referred to the lines a: + ^ — 3, 2x — y as axes. 

2. Find the equation to the parabola which passes through 
the point, (A, /c), touches the line x = i/ at the origin, and has the 
axis of ^ for a diameter («). 

3. Find the equation to the curve af—^ — 3xy-^-x^0, 
referred to its centie. What ia the eccentricity of this curve ? 

4. Determine to what classes of conic sections the following 
curves belong ; 

(2) af - %xy + if = ^x- ly. 
(S) x^' + xy + ^^O. 

5. Ali conies obtained by varying m in the equation 

a? 4- fixtf -\-y^=\ 
have their axes coincident (w). 

6. Find the angle through which the axes must be turned 
in order that 



may take the form 



E;^ + i^y, 



and reduce the e 



3? — 5xy + C«/° - 4ic - 2y = 5 
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7. Find the lengths of the axes of the curves 

8. Prove that the length of an equi-conjugate radius vector 
in the ellipse 

ax^ + hf-V2<;xy=h is V^-p^y 

and hence prove that the equation to the equi-conjugate diameters 
is (a ■vh){a^-^-hf^ 2c'xy) = 2 (a6 - c") {af + y'). 

9. Find the equation to the common diameters of the conic 

ax' + iy^ + 2o'xy = 1, 
and the circle X (a^ + y) = 1, 

and deduce the condition that the curves may touch. 

Hence find the lengths of the semi-axes of the conic and the 
equation to the axes. 

10. The conies 

Ax^ + By'' + 2G'xy+ ... = (i, 
aa? A-hf-^- 2c' xy •{■... =0, 
have their axes parallel if 

A-B _a~h 
C ~" c' " 

11. Find the eccentricities of 

5^ + Sf ~2xy + x~ 3y = 0, 
{x-y)x=2, 
ce' +xy+y^ = a^, 
and find the equation to a rectangular hyperhola which touches 
the axis of x at the point (1, 0), and the line x — ya.t the point 

(1, 1). 



y Google 



EXAMPLES ON CHAPTER XI. lli) 

12. Determine \ and V so that 

(Ax + Bi/ + X) {A' a: + By + V) 
may differ by a constant from 

{Ax + By) [A'x + By) + Clc + Dy, 
and hence find the asymptotes of 

{Ax + By) [A'x + B'y) + Cx + Dy + E==0. 

13. Find the asymptotes of 

{x~y) {x ■\-Zy) + ix-y = G. 

14. What is represented by the equation 

{A^ + By+ Cf^{A'x + Ey^- Cy=D'? 

15. Detei-mine /j. so that {xy) + jj. may break up into two 
linear factors, and hence find the asymptotes of the conic 

^{xy) = <i. 

16. If TP, TQ be two tangents to a parabola whose focus 
is S, TF' : TQ':: 8P : SQ. 

17. If a conic toach three straight lines BO, CA, AB in 
L, M, N, then the lines ^i, BM, CN meet in a point, and the 
intersections of the three chords of contact with the coiTesponding 
sides of the triangle ABC lie in a sti-aight line. 

18. If a conic touch all the sides of a rectilineal figure, the 
products of the alternate segments of the sides arc equal. 

19. Find the equation to the common chord of the conic 



and the circle of cui-vature at the point x'y, and find the length 
of this chord. 

What must be the eccentricity of the ellipse if the common 
chord of the ellipse and circle of curvature at an extremity of a 
latos rectum pass through the further focus? 

12—2 
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20. Apply Art. 176 to find the equation to the axes of the 
conic a.^ + i^' + ^dxy =■ h. 

21. la the point (I, - 2) within or without the curve 

J/' = 63! + 2y + 1 ? 

22. Is the point (1, 1) within or without the carve 

(5a;-%)'-(3^ + 22/-ir = 5? 

23. Find the ratio of focal chords parallel to the co-ordinate 
axes in the conic 

24 find a centre of similitude of two squares which are in 
similar positions, and hence inscribe a square in a given triangle. 

25. Prom the focus of a conic a line is drawn inclined at a 
constant angle to the tangent Find the locus of the point where 
the line meets the tangent, 

26. The curves obtained by varying c in the equation 

are similar and similarly situated {&>). 

27. Find the equation to the axis of the parabola 

(/c -Vgyf + ^dy + "ib'x + c = 0, 
the co-ordinates being oblique, 

28. Find the director-circle of the conic 

ax^ + hy^ + 2o' xy = k (w). 

29. A parabola slides between two given straight Ones 
which are at right angles. Determine the loci of the focus and 
vertfix. 

30. Trace the curves 

y = m-ai', x = y-f, 
and find the angles at which they intersect. 
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EXAMPLES ON CUAPTEE SI. 181 

31. Find the axis of the parabola 

^^+^/!-' «■ 

32. Prove by Art. 183 that if a right-angled triangle be 
inscribed in a rectangular hyperbola, the hypothenuse is paral- 
lel to the normal at the right angle. 

33. A right-angled triangle is inscribed in the conic 



Prove that the locus of the point where the hypothennse 
meets the normal at the right angle is the conic 

What is this locus in the case of the parabola? 

34. Find the polar of the origin with regard to the conic 

and prove that if a conic circumBcribe a quadrilateral , then the 
line joining any two of the vertices of the quadrilateral is the 
polar of the third vertex. (Art. 78.) 

35. Prove generally for all conic sections the last theorem 
in Art. 101, and prove that the centre of the conic ^ {xy) is the 
pole of the line at infinity. 

36. With a given centre one conic, and in general one only, 
can be described about a given triangle. Examine the cases in 
which the given centre is in a side of the triangle, 

37. If a conic pass through four given points, tlie locus of 
its centre is a conic. 
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38. Assuming that tlie locus of the centre of a conic passing 
through four given points A, B, G, D ia a, conic, prove a priori 
that on this locuB lie the intersections of AD, BC; BD, CA) 
CD, AB; and the middle points of BC, GA, AS, AD, BD, CD, 

39. The circle which bisects the sides of a triangle passes 
through the feet of the perpendiculars from the angular points 
on the sides, and bisects the distances of the angular points from 
the orthocenti-e. 

40. If a rectangular hyperbola circumscribe a triangle, the 
locus of its centre ia the ' nine-point circle.' 

41. How many parabolas can be drawn through four given 
points ? How many rectangular hyperbolas ? 

42. "With a given focus how many conies can be described 
about a given triangle? 

43. Apply Art. 187 to the problem in Ex. 32. 

44. Find the equation to, the raid-parallel of the lines 
Ax-i-By-\- G, Ax + ByA- G' (Art. 180). 

45. The lines L — fiM, L-h/J'M are conjugate diameters of 
the curve LM— h. 

46. Find tlie points in the conic (/i {xy) = 0, when the tan- 
gents are parallel to the co-ordinate axes. 

47. Trace the curves 

(1) x^ + xy = x-V'o. (2) {x-Vy-bY=y~^x+8. 

(3) {x-yy+{x + ^f=U. 

(4) {x-y+2){x-^+Z)^5 = 0', 

and iind the equation to a conic which has tlie same centre and 
asymptotes as (4) and passes through the centre of (1). 
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CHAPTER XII. 

ABRIDGED NOTATION. 

193. Let i = 0, J/"=0 be the eq^uations to two chords PQ, 
F'Q of the conic 

« = (!)• 

Then the equation LM= represents a rectilinear hyperbola, 
and (by Art. ]85) the equation to every conic passing through 
the points P, Q, F", Q', is of the form 

8-\-\LM=0 (2). 



Let the point P' , Q' move up to and coincide with the points 
P, Q respectively. Then the lines PP', QQ', which were com- 
mon chords of the conica (1), (2), become common tangents at 
P, Q, and we see that 

8+Xr = Q (3), 

represents a conic having double contact with (l) ' along the 
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184 ABRIDGED NOTATION. 

line' L, Since (3) is a simple equation as far as \ ia concerned, 
only one conic can be drawn through a given point so as to liave 
double contact with a given conic along a given line. 

194 Let i = 0, ^1^=0, -W = 0, B = 0, be the equations to 
four straight lines. Then (Art. 193), LM+XNJi=0 ia the 
general equation to a conic passing through the four points 
in which the lines LM meet the lines NM : and LM+ XB' 
is the general equation to a conic touching the lines LM and 
having li for the chord of contact. 




Ex. ifx +g,/f + ^a'y ■^ib'x+C=0 

touches the line 

2a'y + 2h'x + c 
and the line at infinity, and has^ -^gy for the chord of contact. 

195. Thus the equation to a conic referred to two tangents 
as axes mast be of the fonn 

xy\-\{Ax + By-^GY=<i, 
Ax-\- By + C being the chord of contact. 

A more convenient form is 



(M-')' 



= /*^ (!)• 

In this case a and b are the lengths of the tangents. 
Ex, The conditions that (l) may represent a circle are 

' ab a' ' 

a being the inclination of the axes. 
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ABRIDHED NOTATION. 185 

Thus the equation to a circle referred to two tangents of 
length a inclined at an angle o) is 

(x + ^-aY = ix2/sm^-. (Compare CIi. VI. Ex. 32.) 

This equation, translated into trilinear co-ordinates by calling 
the lines x,^,x + y-a respectively «, ^S, y, is a/S = 7*. (The 
triangle of reference is, in this case, isosceles.) 

Again, the condition for a parabola is 

1 /I M* 4 

When this condition is satisfied the equation (1) can be 
reduced to 



v^-yi= 



196. Let e be the eccentricity of a conic liaving the origin 
for focus and the line a = for directrix. Then the equation 



or (e« — y) (ea + 3/) = a;', 

or {ea-x){eci + x) = 7/. 

ThusJhe lines ea. —y, m -\-y are tangents at the points where 
the axis of ic meets the curve, and the lines ex—x, ea + x are 
tangents at the points where the axis of y meets the curve. 

197. We might define a focus of a conic as a point such 
that if it be made origin the equation to the curve can be put 
into tlie form 

^ + f = e'y' (1), 

or as a point whose distance from any point of the curve can be 
expressed as a linear function of the co-ordinates of the point. 
But, to speak of imaginary things as if they were real, a focua is 
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' a point-circle having double contact with the conic' For the 
curve 

x' + lt'O (2). 

has double contact with the curve (1) along the line 7. 

Again, a conic meets its asymptotes in the line at ^infinity, 
and if the direction of the asymptotes he given (that is, if the 
terms of highest dimensions in the conic'a equation be given), the 
conic meets the line at infinity in two given points. Thus all 
similar and similarly placed ellipses have two imaginary com- 
mon points at infinity, and, in particular, all circles pass through 
' the two circular points at infinity,' which are the points at 
infinity on the lines 

[x-af + is-lf-O. 

Call these points 6, 0', and let S be any point whatever. 
Then all circles centred at 8 have the same asymptotes, viz. the 
lines SB, 86', and these lines are themselves one of the concentric 
system, viz, the point-circle S. 

Let 8, 8' be the foei of any conic. Then the lines 519, SO', 
S'd, S'0', all touch the curve, and if from 6, $' there be drawn 
tangents so as to form a circumscribing quadrilateral, two of the 
angular points of this quadrilateral are the foci 8, 8'. "What 
are the other two angular points ? Imaginary foci. For if they 
be (7, <r', then it6, <j6' touch the curve, and therefore by making 
o- origin, the eqnation to the curve can be put into the form 
x^+^'^ = e''y\ The directrix 7 is in this case imaginary. Similarly 
o-' is a point-circle having double contact with the curve. 

198. Tojind the foci of the conic ^ (xy) = 0. 

The tangents from the point x'^' are represented by 

V'~iUU' = (1) (Art. 179). 

If the point x'j/ he without the curve these lines are a recti- 
linear hyperbola : if on the curve, a rectilinear parabola, if within 
the curve, a point-ellipse which (like all point-ellipses) is recti- 
linear, and, if the point be a focus, the lines are a point-circle. 
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Thus the conditions noder which (I) represents a circle malte 
the point aiy' a focus. These conditions are, that the coefficients 
of ic" and 'f be ec[ual and that the coefficient of xy vanish. 

Therefore since (l) is 

the equations for determining the foci are 

{ax + <^y + Vf - {c'x -i-hy + a')' ={a-h) U\ 



..(2).* 



Then for a, h, c, d, h', c we must write 

T, H. -1,0,0,0, 
a b 

so that the equations (2) become 

and -^ = 0, 

ab 

or i^ — y^^'d^—V and a^ = (3). 

Thus the foci are in the axes of figure at the points 

±Ja^^W, 0, and + V^-" - d, 0. 

Of these points two yS, & are real, and two <t, <t' imaginary, 
and in any conic the lines SS', ud are real and at right 
angles. The equations (2) represent rectangular hyperbolas. In 
fact every conic which passes through the four foci of a conic ia 
a rectangular hyperbola, since it passes through the intersections 
of two rectangular hyperbolas, viz. the ases of figure and the 
hyperbola whose vertices are the four foci. 

" Another form of (2) is 
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In the case of the parahola three of the foci are at infinity, 
and from the equations (2) are deduced two linear equations 
determining the fourth focus. 

199. Gonfocal Conies, 
The equation 

?fx + pfx-=' «■ 

can, by giving a proper value to \, be made to represent any 
conic whicli is confocal with 



^1'- 



.(2). 



{Observe that a' and &° are not necessarily ^osi(i?;e quantities : 
thus (2) may represent a hyperbola.) 

How many confocals to (2) can be drawn through a given 
point x'y"i 

The equation for determining \ is 
(\+a^{\^¥)~O.-^a')f-{X + h')x''=0 (3). 

Suppose «* algebraically greater than 6^, ao that — 1» , — «", 
— h^, + 00 , are in order of magnitude. 

The left-hand side of (3), wlien these four quantities are suc- 
ceasiyely written for X, takes the signs +, +, — , +, and therefore 
changes sign (and so vanishes) for some value of X between — a' 
and — h^, and for some value greater than — V. Thus (3) has 
real roots, and one of tliese roots makes \ + a', X + V have 
different signs, while the other gives them the same sign, 
Hence through any given point there can be drawn two con- 
focals to a given conic, a confocal ellipse and a confocal hyper- 
bola. Of course if the given point be on the given conic, one of 
these confocals is the conic itself 

Again, confocals cut at right angles. For if x'y' be a com- 
mon point of (1) and (2), then by subtraction 

5^ + ^I__=o U\ 
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or, the tangent lines 

a' + X^b'' + -\ ' o^ ^ y ^ 

are at right angles. In order that x'^ may be real, we see from 
(4) that [a^ + X) «' and (i" + X) &" must have opposite signs : that 
is, the confoeals must be of different species, one an ellipse, one 
a hyperbola. 

The equation y' = ia{x + a) can by varying a be made to 
represent any parabola having one real focus at the origin, and 
the other at infinity in direction of the axis of x. Thas two 
confoeals can be drawn through a given point ; and these inter- 
sect at right angles, for in the equation y"* = 4a («' + a) the 

product of the values of — r is — 1. 

200. Let a = 0, /3 = 0, 7 = be tlie equations to three 
lines forming a triangle of reference, and let these equations be 
80 written that the triangle is on the positive side of each line. 
Then at any point in the plane of operations 

The equation to any conic can be thrown into the form 

tece + v^ + wi' + 2u'0y + 2v'ya + 2w'a0 = O (1), 

in which u, v, w, u', v', vj are constants. 

For let the sides GA, OB be made axes of x and y. Then 
the new equation to the curve must be of the form 

ia? + MiJ At JV+ 'i.Uy + iWx + 'iWxy = 0. 

But the new x and y are (see Art. 70) the old - — -p.,, -^-7-,. 
^ ^ ' sm 6' sin 6' 

Therefore the old equation was 

ia' + J/jS" 4- -A^sin" + 2Z,'/3 sin + 'iWa. sin (7+ ^N'a.^ = ; 

which, made homogeneous, is 
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+ (i'/J sin e+JT. sm C) (2i±|f±i5:) + SiV./? - ; 

and this homogeneous equation is of the form (1). 

If the e(iuationa to thvee lines not meeting in a poiat be 
L = 0, M = 0, N= 0, the equation to any conic can he thrown 
into the form 

,i= + v^M^ + wj<l^ + 2u^MN+ 'iv^NL + ^w^LM'^ (2), 

in which m^, v„ w;„ m,', w, , w/ are conataiita. 

For if a = 0, 13 = 0, 7=0 be the other forms of the linear 
equations, the equation to the curve takes the form (l). 

Now a, |S, 7 vary as L, M, lY Therefore the equation (1) 
can be written in the form (2). 

201. By the method of Art. 179 (see Chap. v. Ex. 11) it 
can be shewn that the equation 

a {ua' + w'0' + v'y) + [wo! + v/3' + m'7') 

+ 7 (?;'«' + M'^' + zy7') = (1), 

or 

a' (wa + w'^ + v'i) + ^ (w'a + d/S + "'7) 

+ 7(t!'a + w'^ + w7)=0 (2), 

represents the tangent at the point a'^'7' or the polar of the 
point a'18'7', and that the equation to the two tangents from a^'y 

is V' = WU' (3), 

it being now understood that U, U', F" stand for new expressions 
obtained by changing 

X, y, s, cc, y', s , a, h, c, a', V, c' 
to a, ^, 7, a', ^, 7', M, V, w, u, v, w 

respectively. 

If /(affy) denote the left side of the curve's equation, (1), (2) 
may be written 
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202, To find the pole of a given line 

;a + m^ + «7=0 (1). 

Let a'/3'7' be the pole; then equation (1) is identical with 
{ud + w^' + v'i) a + (w'a' + v^ + u'y) /3 

Hence the equations for determining the co-ordinates of the 
pole are 

ua + w'/3 + v'ly _ ta'a + v^ + u'^ _ ji'a 4- w'/3 4- wy 



1 d[^l ^^1 ^ 
Z ' ola m' dji n' dy' 

203. Tofiiid the centre of the conic. 

The centre is the pole of the line at infinity, that is, of the 
line a« + 6|S + C7 = 0. 

Therefore the equations for determining the co-ordinates of the 
centi-e are 

wa + vi'B + v'j _ w'a 4- t)j8 + u'j _ v'a. + u'j3 -}- wj 

or ^^=i.^=L.C 

a' da. h' d^ c' dy' 

204. lff{aBy) = be the equation in a rational and integral 
form to a conic of which a^f/ is the centre, then 

/(.,37)=/p7) 

is the equation to the asymptotes. This result may be deduced 
from Art. 174, or may be established thus: 



y Google 



192 ABRIDGED NOTATION. 

The general equation to a conic having double contact with 
/(ajSy) along the line la+m^+wy is.(Ai-t. 194), 

If the line be the line at infinity, the equation becomes 
/ {a/Sy) = a constant. 

Thus only one conic can be drawn through a given point a'ff'y' 
having double contact at infinity with the given comc/(a^7) = 0, 
namely the conic 

/W7)=/C«W)- 

The equation to the one such conic through the centre, that is, 
to the asymptotes, is 

/(«/37)-/(i?7)- 

205. The general equation to a conic circumscribing the 
triangle of reference is 

^ + 5+5.0 (1). 

For if the point A (that is the point when ^ = and 7 = 0) 
lie on the cnrve 

«■/ + v^^ + 'w^ + 2u'^ + 1v'y% + IwaQ = (a), 

then M = 0. 

Similarly if B and C lie on the curve, « = and «; = 0, and 
thus (2) is reduced to a form equivalent to (1). 

Writing (l) in the form 4^7 + « (jJvy + H/S) =0, we see tiiat 
the points where the line my + n^ meets the conic lie in the two 
straight lines ^y = 0. Now the wr/ + nfi is drawn through the 
intersection of the lines ^y. Therefore those points coincide, or 
the line my + n^ is the tangent at the point A. Similarly the 
lines wa + ?y, ?^ + ma are tangents at B, C. 

206, If the circumscribing conic be a circle, theii by 
Euclid III. 32 the thi-ee tangents must be the lines 
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■ysmi? + /9sin 0, asin + 78111^, iSsin^ + asin^; 
hence 

J_=^L. = ^_ or - = ^=^ 
sin A sin ^ sin C a b c ' 

and the equation to the circumscribing circle is 

5+1 + ^ = 0. 

Let 8=0 be the Cartesian equation to any particular circle. 
Then a form of the general equation to a circle ia 

S+Ax^By+G^a. 

Thus a fomi of the general equation to a circle in Trilinears 

is a/S7 + Sya + ca.^ + Lfl ■^ M^ + N^y = 0, 

or a/37 + h<^ + ca/3 -\- {ao. -h h/3 + 07) {La. + M/3 + JV7) = 0. 

207. The line La+M^ + Ny = touches the conic 

l^y + mya + m0 = 0, 
if, on combining the equations and eliminating 7, the resulting 
equation give equal values of the ratio a : /3; that is, if 

Thus the conic is a parabola if 

a c 
for all parabolas touch the line at infinity. 

208. To find the general equation to a conic touching the 
three lines of reference. 

In/(«/37) =0 put a = 0. There results 

p^ + v>'f + 2w'/97 = 0, 

which is the equation to the lines joining tiie point A to the 

points where SG meets the carve. If these lines coincide, that 

T. G. 13 
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is, if ii'* = w«f, BO touches the curve. Hence if the conic touch 
BC, OA, AB, 

and/(o^7) = reduces to 

Ma° + a/S' + W7^ + 2\fvw. 0y + sVwm . 7a + 2 Vmw . aj3 = 0. 
Let M = P, v = ni; w = n^; 

then TOe may write the equation in either of the forms 
fa? + m^^ + reV - 2«iw^7 - 2«5ya -^ 2?ma^ = 0, 
^l^+Jm0-b'Jny = Q. 

209. Thus the equation to tlie circle inscribed in the triangle 
of reference must be of the form 

7^ + ^/^+^/^ = (1) 

At A', the point of contact with BC, a = 0, and therefore 

Jin^ + ^/ny=0, or m^=ny; 

that ia, mA' (7 sin = nA'B sin B. 

But ^'C=-cot^, 



cos'- C08"| cos'l 

The eqnation to the inscribed circle is tlierefore 
cos- JI+aya-Jfi^rCt>s^Jt = 0. 
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Similarly the equation to the escribed circle in the angle A 



210, Since any straight line can be represented by equations 
of tbe form 

«-«' _ ^-0' _ 7-7 _ ^ 
I ~ m ~ n ~'^' 

it follows that the e<juation for determining the lengtli of a line 
drawn from the point a'^Y 'in direction hnn' to meet the curve 
is /■(a' + Ir, ^' + mr, 7' + nr) = 0, 
or /(a'^'7') + r {l{m' + w'^' + v'i) + m (w'a' + v^' + u'i) 
+ n{'o'o: + u'^'^wy')] + T\f{lmn) = i3 (I) 

Thus the equation to tbe diameter conjugate to chorda in 
direction Imn is 

I [ua + w'0 + «V) + »* C^a + v^ + w'7) 

+ w(/a + M'y5+W7)=0 (2) 

,df , df df ^ df .df ^ df ^ 

«« dp cOy at am. an 

211. If the line be drawn parallel to the side BG, the 
values of /, m, n may be called 0, sin 0, — sin B. 

Suppose this line drawn from the centre ; then by geometry 
or by Art. 203 the coefficient of r vanishes, and the equation for 
determining r is 

/(a^7) + »■'/ (0, sin C, - sin ^ = 0. 



Thus 



wsin" + w siv^ B -^ iu sin 5 sin 0. 



Thus if »"„, r^, r^ be the lengths of central radii parallel to the 
sides of the triangle of reference, 
1 1 



r :: uc* + wl? — 2ubc : wia° + ui^ — 2y'c( 



r + va — 2w 
13—2 
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Cor. The conditions for a circle are 
vc' + wh' — 2m' Jc = wa" + u(? — ^v'ca = uV + vo.^ — 2w'ah. 

212. Let Ai B, C, D be four points on a conic (see figure 
to Art. 78), and let the three pairs of lines which contain them 
all meet respectively in L, M, N. 

Then if JfA^meet CD, AB in F, f?, the ranges DFCL, A GBL 
are harmonic, for the lines MA, MN, MB, ML form a harmonic 
pencil (Art. 78), Therefore (Art. 179) the points F, G lie on 
the polar of L, or, MN is the polar of L, 

Similarly LN\s the polar of M, and therefore (as in Art. 101 ; 
cf. Chap. XI. Ex. 35) LM ia the polar of N. 

Thus of the three points L, M, N each is the pole of the line 
joining the other two. The three points are a conjugate triad 
with respect to the conic, and are a conjugate triad with respect 
to all conies passing through A, B, 0, B. 

As any two conies have four common points, real or imagi- 
nary, they have a conjngate triad. 

213. To determine the form of the equation to ike conic when 
the vertices of the triangle of reference are a corrugate triad. 

The equation to the polar of any point a'^V' '^''^^ respect to 
/(«^7) is 
a' {ua + w^ -I- v-y) + {w'a. + v^-\- u'y) + y (v'a + 1/^ + W7) = 0. 
Make ^' = and 7' = 0, this becomes 

ua + w0 + v'j = 0. 
If this line coincide with the line a, v' = and «''=0. 
Similarly if B he the pole of GA, w' = and u' = 0. 

Thus if the points A, 5, he a conjugate triad, the equation 
to the curve mast he of the form 

ua^ + vfd" + wy' = 0. 

The triangle of reference is said to he selfconjugate, being 
its own copolar (Chap. vn. Ex. 8). 
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214. To find the condition that the curve i{a^'y) mayiea 
rectangular hyperiola. 

The coefficients of ic° and y" in the Cartesian equation must 
be equal and of opposite sign. Tlie condition will be found to 
be, since the cosines of the angles /3 — 7, 7 — a, a — ^ are the 
cosines of A, B, G, 

u-\-v + w + 2u Q.O&A + 2v cos B + 2«i' cos (7 = 0. 

In the case of the curve uo? + v^ + ((V' tlie condition is 

In the case of t}ic cui've 

m';37 + v'yy. + waji = 
tlie condition is 

u cos A + v (MS. B+w cmG-d; 

or, in geometrical language, the curve must pass through the 
orthocentre. 

215. In any conic if SY, S' Y be the pei-pendiculars from 
the foci on a tangent, 8Y . 8'T = B<y. Therefore if a conic 
touch the lines 

a=0, ^ = 0, 7 = 0, S = , 

and a, A y> S,... <^', &\ 7'. ^,--- 

be the distances of S, S from these lines, 

aa' = 1^0 = 77' = 58' = . . . 

Thus, if the locus of Sbe expressed homogeneously with refer- 
ence to the lines a, ^, 7, 8,... the locus of S' will be found by 
writing 

-, ^, ;^... for a. ^,7.... 

For example, if a parabola touch the three sides a, ^, 7 of 
a triangle of reference, since one focus is at infinity, or lies on the 
line 

aa + i^ + cy = 0, 
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the other focus must lie on the curve 
^ + 1 + ^=0, 
that is, on the circle which circumscribeB the triangle. (Art. 206.) 



Examples on Chapter XII. 

1. Determine \ so that the equation 

ic* + / - c" = X (a^' + yy - cy 
may represent the two tangents from x't/' to the circle a^-k-y'—o^. 

2. Determine X. so that U=\V'' (Ai-t. 179) may represent 
the two tangents from x'y' to the conic JJ. 

Find the asymptotes of the conic ax^ + 2hxy + ctf=f...{oi). 

3. If the three pairs of sides of a triangle he asymptotes of 
three conies, then the three finitely-distant chords of intersection 
of the conies meet in a point. 

4. Prove geometrically that if a parabola touch the three 
sides of a triangle its focus lies on the circumscribing circle, and 

hence prove that the focus of \/ ^ + \/ f = 1 is at the point 

determined by 

ax = hy, t^-Vy^-V 'ixy cos <a = — - ^ ' , 

w being the inclination of the axes, 

5. Prove that any point on the conic LM= R^ can he de- 
fined by the eqnations jit^i = fiR = M, fi being an arbitrary con- 
stant, and find the equation to the chord joining the points ^, /*'. 
Deduce the equation to the tangent at the point fi. 

6. TP, TQ are tangents to a conic and the bisector of the 
angle PTQ meets PQ in B. Prove that the segments of any 
chord through R subtend equal angles at T. 
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7. Find the equatioD to the conjugate axis of the curve 

8. Determine the foci of the parabolas 

j/'=4ffic, y^ = 4 {ax + h^). 

9. How many confocala can be to a given conic so as to 
touch a given line ? 

10. To any point ay on the conic 

a b 
there corresponds a point sf^' upon the confocal 





a 


a" h b" 








and if the point 
other, then Pg ■■ 


& P, Q 00. one conic corrt 


tspond 


to P, Q on 


the 


11. Form 
conica 


equations 


for detei-mining 


■ tlie 


centres of 


the 


I .m , 


n 


nr , 1- 


s . / 


— 





?a' + m,^ + n7^ = 0, /37 = Aa^ 

and deduce in each case the condition for a parabola. 

12. If Jla + Jm0 + Jny = be a parabola, then the line 

^ _ 7 

na + Ic lb + ma 

is a diameter (Ex. 11). Hence find the focus and prove that 

the directrix passes through the orthocentre of the triangle of 

reference, 

13. Prove both by Art. 205 and Art. 208 that if a conic 
touch BG, GA, AB in A', B, G' the lines AA', BB, CC meet 
in a point and the respective intersections B'G', G'A', AS 
with BG, GA, AB lie in a straight line. 
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14, Prove that the cqnation to a circle bisectmg tlie sides 
of the triangle of reference is 

T^ + T^+:r^-0 (Art. 205). 



15. A conic touches the three sides of a triangle and has 
l6 focus in a given straight line. Prove that the other focus 
ss on a conic described about the triangle. 



16. The semi-axea of an* ellipse s 
of its foci and centre from the lines a 


ire a, h and the 
, /3 inclined at a 


distances 
n angle oi 


are a, /3, a', ^', 


a, fi. Prove that 






a + a' = 2a, ^ + /3'=2A 


CLa:^m'=h\ 




(«-«? + c^- 


-/3'y + 2(a-a')03-^') 


. co8 0> = 4 9in^fti 


.{«^-5T 



17. An ellipse of semi-axes a, h slides between two straight 
lines inclined at an angle to. Prove that the locus of the real 
foci referred to the two lines is 



V X Bin w v y sm (0/ 



ysm 
and find tlie locns of the centre. 

18. A quadrilateral is inscribed in a conic and tangents are 
drawn at the angular points so aa to form a circumscribing 
quadrilateral. Prove that the two quadrilaterals have a common 
intersection of diagonals. 
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CHAPTEK XIII. 

MISCELLANEOUS THEOREMS AND METHODS. 

216. Pascal's Theorem. If a hexagon be inscribed in a 
conic, the three intersections of opposite sides will lie in a straight 
line. 

Take any six points on a conic section, and in any ordei- 
whatever, call them 1, 2, 3, 4, 5, 6 : then join them by six 
straight lines 12, 23, 34, 45, 56, 61, so aa to form a hexagon of 
which the pairs of opposite angular points are 1,4; 2, 5 ; 3, 6, 
and the pairs of opposite sides 12, 45; 23,56; 34,61. Then the 
three intersections of these pairs lie in a straight lie. By naming 
the six given points in diiferent orders we have 60 hexagons 
which have the given points for angular points ; and not more 
than one of these hexagons can be fi-ee from re-enti-ant angles. 
Pascal's Theorem is true for all. 

Let the equations to 12, 23, 34, 45, 56, 61 be respectively 
M = 0, V = 0, Mf = 0, w' = 0, v' = 0, w' = 0, and let z = be the 
equation to the diagonal 14. Then the given conic circum- 
scribes each of the quadrilaterals 1234, 3456, and therefore its 
equation can (Art. 194) bo written in either of the forms 

Mw + Xi;3 = (1), 

wV4-Vw's = (2), 

X, X' being constants. 

Hence the expression uw + X-bs is identically equal to 
k (uW + XVa), 
k being some constant. Therefore ww~ku'v/ is identical with 
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JcK'v'z — \vz, or with (^V«' — \v)z, and therefore breaks up into 
two linear factors ; and therefore the equations 

uw — /cu'w'^0 (3), 

(iXV-Xi>)z = (4), 

represent the same pair of straight lines, namely the line 14 and 
a line through the point where v, v' meet (or 'tlie point vv"). 
These two lines, as we see from (3), contain the points mm', wis', 
which, not lying on the line 14, must therefore lie on the line 
through vv. Thus the points uu, w', ww' lie in a straight line. 
Ex. Let the points 2, 4, 6 coincide respectively with 1, 3, 5. 
Then the lines 12, 34, 56 become the tangents at 1, 3, 5, and the 
lines 23, 45, 61 become 13, 35, 51, and the theorem becomes the 
second theorem of Chap. XII. Ex. 13. 

217. Pascal's Theorem may te proved for the circle by 
means of the following lemma from Trigonometry (see Chap. v. 
Exs. 16, 18, 23). 

If Jj,M, a he points in the sides EC, CA, AB of a triangle 
either stick that AL, 35M, ON meet in a point, or such that LMN 
is a straight line ; then 

BL CM AN_, 

Conversely: .Let L, M, N he taken in the sides of the triangle so 
that this equation is satisfied; then if L, M, N lie one or all in the 
aides unproduced, AL, BM, CN meet in a point, hut if L, M, N 
lie one or all in the sides produced, LMN is a straight line. 

For the alternate sides 12, 34, 56 of the hexagon inscribed in 
a circle form a triangle which has each of tlie remaining sides 
for a 'transversal.' Whence we get three equations like (a). 
Multiplying these together and making use of liiuclid iii. 35, 36, 
we get another equation like (a), proving that the three intersec- 
tions 12, 45; 23, 56; 34, 61 lie in a transversal of the same 
triangle. 

We shall presently shew how this theorem may be geometri- 
cally extended from the circle to the other conic sections. 
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218. If four fixed points be taken on a conio the anharmomc 
ratio of the pencil formed hy Joining them to any fifth point on the 
conic is constant, (See Chap. tii. Ex. 12.) 




c 

Let A, B, C, D lie the fonr fixed points, and let the equations 
to AB, BO, GD, DAh^ a = 0, ^ = 0, 7 = 0, S = 0. Then the 
equation to the eonic is (Art. 194) of the form a7 = &./3S (1). 

Now the a of P is the altitude of the ti-iangle having P 
for vertex and the chord AB for base, and therefore 
PA . PB sin APB 
AB ' 

and similarly we can express the yS, 7, B of P. Hence (1) asserts 
that 

sin ^P.B sm APB _ 
sin GPP ■ sin C?Pi>~' 
or that the anharmonie ratio of PA, PB, PG, PD is constant. 

The symbol [P.ABCD] is used to denote the anharmonie 
ratio of the pencil PA, PB, PG, PD and [ahcd] to denote the 
anharmonie ratio of four points a, h, c, d lying on a straight line 
(or of the range abed). Let A, £, (7, P be as above and let ahcd 
be a transversal to the pencil. Then [P.ABGB] is constant 

219. We take one example of this theorem from Salmoris 
Conic Sections. 

If P be made to coincide with one of the given points, as A, 
the chord PA becomes the tangent at A, and the anharmonie 
ratio of the pencil is denoted by [A . ABOD], 
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Now let CO, c»' denote the points at infinity on the conic, ao 
that if be the centre, oo, Ooi' are the asymptotes. Take co, <»' 
for the points C and D, and make P coincide iirst with O) and 
next with t»'- Thus 

The lines c»-.^, ccjS are porallek to the asymptote Oca: the 
line cc CO 13 this asymptote, and the line cc oc' is altogether at 
infinity. 




Taking the line OA for the transversal, we have for a, b, c, d 

four points on the line OA, viz. A, h (where OA meets caB), 

_ , ^ ah ad , Ah Acf> / . Arx,, , 

0, CO , and tor -^ -r- ^-r we have -.a -i- 7^ — , or since - p; -- is 

' " CO M Ob 0<x>/ \ O tn, 

a ratio of etiualityj -^ , 

Similarly if oo'BmeetOJ. in&', the value of [co',-4.B cogd'j or 



Ay_ 

' ^p"^ AO- 



\Ah'-^ 

„ Ah Ah' , o . OA Oh' 
Hence 777 =-5-7^; and therefore -p=:r — ptt- 
Ob AO' Ob OA 

Thus any central radius of a hyperbola is a mean propor- 
tional between the central distances of the points wheTO it is met 
by parallels to the asymptotes drawn from any point on the 
hyperbola. 
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Orthogonal Projection. 

220, Let P be a point in space and Pp the perpendicular 
from P to a given plane. Then the point j> is the orthogonal 
projection of P on tliia plane, 

We shall use a large and small letter to denote a point and 
its projection. Thus if P move along a straight line ABG ..., 
f moves along a straight line oSc... similarly divided to ABG... 
That is, the projection of a straight line is a straight line simi- 
larly divided. So the projection of a curve QMS and chord QB 
are a curve g»-s and chord qs, and when Q, S coincide, so do g, s. 
Thus the tangent at Q projects into the tangent at j. A system 
of parallel straight lines projects into a system of parallel lines 
in one plane, and the lengths of Jtnite parallel lines are hy pro- 
jection altered in the same ratio. A pencil of lines PA, PB, PG, 
PD becomes. a "^f^aoA pa, pb, pe, pd oi t\i& same anharraonic ratio 
(for any transversal ABGD projects into a similarly divided 
transversal ahcd). A plane cnrve projects into a plane curve of 
the same degree. For let X, Yhe co-ordinates of P referred to 
OX, Y, and w, y those of ^ referred to ox, oy. Then X— "Kx, 
Y= /Ay, X and fi. being constants, SO that the cm-ve/(^, Y)=0 
projects into the curve y(X!c, fiy) == 0, which is of the same degree. 
A conic projects into a conic, an ellipse into an ellipse, a parabola 
into a parabola, a hyperbola into a hyperbola. 

A diameter, being the locus of the middle points of a series of 
parallel chords, projects into a diameter, and therefore the centre 
of a conic (being the intersection of two diameters) into the 
centre of the projection. A circumscribing parallelogram be- 
comes a circumscribing parallelogram. 

In all this the lines of projection need not have been at right 
angles to the plane of projection, provided that they had been 
parallel. Such a projection had been oblique, but our projection 
will be orthogonal. 

221, Let AA', BB" be the major and minor axis of an 
ellipse whose plane is inclined at an angle to the plane of 
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projection, the ellipse being so situated in its own plane tliatSB' 
is parallel to the plane of projection. 

Then any ordinate PM is equal and parallel to its projection 




Whence, as ^^-^^ = ^^, 



o^- 



so that the 



curve apDb li an ellipse with centre c and semi-axes ca, cb (Art. 
122). 

Also ca = cb, provided that OA cos = CB (or sin 6 = e). 

Thus any ellipse can he projected orthogonally into a circle 
equal to its own lesser auxiliary circle. 

And similarly a circle can be projected into an ellipse of any 
shape, and the circle ■will he equal to the greater auxiliary circle 
of the projection. 

This method is employed to reduce theorems on the ellipse 
to theorems on the circle. For instance, Ex. 27 of Chapter ix. 
can be translated thus : If qv be perpendicular to a diameter pp' 
of a circle (whose centre is c), q'if =pv . vp', and if the tangent 
at 2 meet cp in t, then cv.ct = cp\ 



For 



QV\ 



qii' , PV. VP' _pv. vp' 

— ^ and -—777^2 "j — . 

c«" vP cp' 



222. If any point P move round the contour of a plane area, 
p will move round the contour of an area wliich will be equal to 
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the former area tnultiplied by the cosine of the angle between 
the planes of the areaa. This is proved hy dividing the two 
areas by planes indefinitely near to each other and perpendicular 
to the common section of the planes of the areas. Areas lying 
on parallel planes are proportional to their projections, even when 
these are oblique. 

Any piojection made by pai'allel lines may be called isome- 
trical, as preserving unaltered the ratios of lengths measm-ed 
in a common direction and the ratios of areas lying in parallel 
planes. 

223. The rales of this method of projection can also be 
established without geometry of three dimensions. 



For let a point P be referred to co-ordinate axes, and let the 
projection of P be defined as a point P in the plane of reference 
whose co-ordinates are obtained from those of P by altering the 
X of P a constant ratio, and the 3/ in a constant ratio ; or, X and /i 
being constants, let the projection of the point {x, y) be defined 

as the point {-, ^1: then results may be obtained similar to 
those of Art. 221, the curve ^(xy) = projecting into 
0(Xa;, jLij) = 0. 



-t: 4- 5^ = 1 into the circle <^ -V v^ = c° [e. 2. i 
or tr J V o 



-= — ■f;= 1 into the same circle, and thus we may extend some 
a' 0' 

results from the circle to the hyperbola. 

Ex. To find the equation to the tangent to the curve 



at the point x'l/. 
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Projecting the curve into a circle, we have to find the taii- 



And this line is the projection of 






Qce X.= - and /i= - V— I. 

c c 

AVe can project a conic into any confocaL 



Sections of a Cone. 

224. Let a plane figure consisting of two straight lines ZYz, 
RVt inclined at an angle a revolve about one of the lines ^z. 
The surface generated is a ' right circular ' cone (or cone of revo- 
lution) with vertex Vz and axis Zz, and semi-vertical angle a. It 
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consists of two equal and similar brandies, or semi-cones, whicli 
are infinite. Any plane meets this conical surface in a plane 
curve which, as we shall aee, is a conto section in our sense of 
that term. For instance, all sections perpendicular to the axis 
are circles (Euclid, I, 26) centred in the axis. 

A piano section through V perpendicular to the axis is a 
point-cirele. 

Let a section of the cone be made by any plane ot meeting 
the cone in a curve X.. Through Zz draw a plane at right angles 
to nr meeting the cone in the ' generating lines ' Br, R'r', the 
plane vr in the line AA', and the curve X in the points A, A'. 
Through any point i* of X. draw a plane perpendicular to Zs, 
meeting VR, VR', AA! In a, a', M. This plane meets the cone 
In a circle of which ad' is a diameter, and the common chord PP' 
of the circle and \ is (Euclid, xi. 19) perpendicular to the plane 
EVE and therefore to oa', AA'. Thus aa, and therefore AA, 
bisects P" at right angles, and therefore AA' divides X sym- 
metrically. 

Now for all positions of P on X the ratios 

aM a!M 
AM' A'M 
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Also (EucUa, in. 35) PW = aM. u'M. 

^ , PW aM.dM . , 

Thus the locus of Pisa 'conic section' of which A A' is the 
transTerse axis. 

If A, A' lie on the same semi-cone, X is an ellipse ; if A, A' 
He on different semi-cones, \ is a hyperbola. If A' be at iniinity, 
that is, if AA' be parallel to Sr, 

FM" aM.a'M 
AM ~ AM 

which is constant a" 



section ii 

Let VM, VH^ be any two generating lines of the cone, and 
let FZr move up to coincidence with YH. The points h, A, 
where YH, VH, meet any fixed plane section ultimately coincide 
and ijb^ is ultimately a tangent at h to that section and therefore 
to the cone. Thus the plane YHH, ultimately contains all 
the tangent lines that can be drawn to the cone at points of YS, 
and is the tangent plane to the cone ' along YS.' It is perpen- 
dicular to the plane YHZ, since it contains tangent lines to 
circular sections and these tangent lines are peipendieular to 
F-ffand YZ, Thus the plane of the parabolic section aforesaid 
is parallel to the tangent plane along VR' (Euclid, xi. 18), for a 
line in the plane MYR' perpendicular to the parabola's axis is 
licular to both planes. 



225. In general, if spheres inscribed in the cone so as to 
touch in have 8, 8' for their points of contact with sr, then 8, 8' 
are foci of \. For the spheres have circles of contact with the 
cone, and if YP meet these circles in T, T', TT' is constant. 
But TT'= 8P±S'P (according as the section is an ellipse or 
a hyperbola), because the two tangents PT, P8 to one sphere arc 
equal, as also the two tangents PT', PS' to the other sphere. 
Thus 8, 8 arc foci of X, Again, the planes of contact meet «r 
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in the directrices. For let the plane of contact of the sphere 8 
meet VA, VA', AA' in n, n', E, and the plane ot in the line EK, 
and let «, a, be as before. Then EK being (Eaclid, XI. 16) 
parallel to PM, ME is P's distance from EK. Now ME bears 




(Euclid, VI. 2) a constant ratio to an. or FT or SP. Thus the 

curve Wiaa S for focus and EK for directrix, the eccentricity 

, . an An ,. -, smAEh 

bemff <m=,ox -r^, whicn = — — — — . 

^ ME AE' coaa 

Thus if e be the eccentricity of a section whose plane makes 

an angle d with the planes of circular section, 

_ sin 

" cos a ' 

If the section be a hyperbola the spheres are in different 

semi-cones. If the section be a parabola, AA' is parallel to a 

generating line Rr and 8' is at infinity, but 8 is still the focus 

and E the foot of the directrix, as may fee proved independently 

or inferred from conHnmty. 
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226. It follows from tlie geometry of the triangle VAA' 
tliat AS. A'S (= si-a'a.VA.VA') = the product of perpendiculars 
from A, A' on Zz. Thus the semi-aonjugate axis ts a mean pro- 
portional between the distances of the extremities of the transverse 
aadsfrom, the axis of the cone. 

Again, the aemilatua-reetum for —J 

_ 'i&Wa..VA.yA' 
~~ AA' 

tan g. 7^. F-.^' sin 2a 

AA! 

2 tan a . A VAA! 



= tan a x distance of V from the plane of section, 
and varies, therefore, as that distance, 

227. AH parallel sections of the cone are similar and, if 
we may apply the terra to figures in different but parallel 
planes, similarly placed. Any line through F meets their planes 
iding points. 



For let two generating lines VPp, VQq and any line VCc 
throBgh Fmeet two parallel planes of section in P, Q, G,p, q, c. 
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Then CP, GQ are parallel to cp, cq (Euclid, si. 16), and there- 
fore the angles QGP, qcp are equal (xi. 10). And by similar 
triangles 

cp _ c F _ cq 

cF~cv~cg' 

Thus the curves PQ, pq are similar and similarly placed, and 
O, c, regarded in connexion with them, are corresponding points. 
Thus if G be the centre of PQ, c is the centre of pq, and if GP, 
GQ be conjugate semi-diameters, so are cp, cq. 

Let a section be drawn through ani/ chord of the cone, and 
let PP' be the parallel diameter in the section, and ^^ the con- 
jugate diameter. Then the plane VQQ' bisects all chords in 
the cone which are parallel to PP', and the plane VPP' bisects 
all chorda parallel to QQ', 

Again, if Oa, 00 be asymptotes of any section, the asymp- 
totes of any parallel section are parallel to Oa, 0/3 and lie in 
the planes VOa, VOjS. 

Among such asymptotes, by moving the plane of section 




parallel to itself up to V, we are enabled to reckon the lines Fct,, 
FySj, which constitute the section through V. 

may deduce the 

(1). 



228. From this section through V \ 
formula 
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Fov let a plane perpendiculai to VZ meet VZ, Fa,, F/Sj in 




F, G, G', and let LL' a diameter of the circle bisect GG' mL 
Then the eccentricity of the section a^V^^^ is the same as that o 
any parallel section and 

GVG' 



VG VF^QcFV G^sme 
~VD~ VF3GQ FVD ~ cos a ' 

So long as we keep to the same circle LQL', VG is con- 
stant and 6 cc ^^ . 

Suppose I) to coincide with F. Then e = sec a and is the 
greatest possible. If D move from F towards L or L, e con- 
tinually decreases, and when D reaches L or L' the lines VG, 
VG' coincide and the section is parabolic. When D has passed 
beyond the circle, the lines VG, VG' are no longer real (they 
are a point-ellipse), but the formula (1) still holds good. The 
section is now an ellipse whose eccentricity continually decreases 
through all proper fractions down to zero. The section is then 
a circle. 

229. Any given conic which is not rectilinear and whose 
eccentricity does not exceed seo a can be placed so aa to coincide 
with some section of our cone. For let the given eccentricity 
be e. Draw a plane inclined to the planes of circular section 
at an angle sin"' (e cos a). This will meet the cone in a section 
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similar to tlie given conic : and hy properly choosing the dis- 
tance of the plane from Fwe get a section of tlie right size. 

A given conic, once fitted to the cone, would be capable of 
revolving round the cone's axis without breaking its coincidence. 

We can of course cut from the cone two straight lines inter- 
secting at any angle less than a. 

If we wish for a section of greater eccentricity than sec a, we 
must take a cone of greater vertical angle. As the proposed 
eccentricity increases, this cone expands and tends to become two 
coincident planes. 

230, The eccentricity of a rectilinear conic may be am- 
biguous. Thus two straight lines intersecting at an angle jB 

are a hyperbola whose eccentricity is either sec— or sec — ^-^ . 

Two parallel straight lines are either a parabola or an infinitely 
eccentric hyperbola. For they are the limit cither of a parabola 
having a given axis and passing through a given point, or of 
a hyperbola of given transverse axis and infinitely increased 
eccentricity. Two coincident lines are always parabolic. 

In any given straight line take a finite portion AA'. Describe 
an ellipse and hyperbola having AA' for transverse axis, and 
let thefr eccentricities approach indefinitely near to unity. The 
ellipse approaches to coincidence with the finite line AA', the 
hyperbola to coincidence with the remaining infinite portion of 
tlie given line. 

231. If a circular section of the cone be fixed and the vertex 
move off to infinity, the cone becomes a right circular cylinder. 

The equation e~ is now e = Bm0. Thus e can have 

■^ cos a 

any value from to 1. 

A parabolic section consists of two parallel straight lines, 
the distance between which cannot exceed the diameter of tlie 
circular sections. 
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Oblique Cones. 

232. Let F be a given point, and A a given curve of the 
second degree lying in a plane II, A atraigbt line passing 
throagh V and A generates a cone which in general is not a 
cone of revolution, but an oblique cone. The curve A which 
guides the moving line may be called the directrix. 

All parallel sections of such a cone are similar and similarly 
placed (cf. Art. 227), Thus all sections by planes parallel to 11 
are similar and similarly placed to A By making sections 
through the vertex V we may conclude d, priori that sections 
meeting both semicones are hyperbolas and that sections parallel 
to a tangent plane are parabolas. But we shall directly prove 
that the section X made by any plane w is a conic. 

At any point P of X draw a section A^ by a plane II„ parallel 
to n, and let PF be the common chord of X, A„. 

As P moves along \, PP moves parallel to itself (Euclid, xi. 




16). In II(, draw a diameter Djy bisecting FP in M. The 
plane VDiy bisects all chords in the cone that are parallel to 
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PP and is fixed ; and, as P moves, the line DI>' moves pai-allel 
to itself in tliis fixed plane. (See Art. 227.) Therefore, if VD, 
VD' meet X in Q, Q' , all chords of X. that are pai'allel to PP" are 

bisected by the line QQ', and the ratios ttvj j "i/7y"> ^^ constant. 
Again, if h . DD' be the length of that diameter in A which is 
PW 



, and so \ ia a conic in which QQ is 



QM. Q'M 

a diameter conjugate to PP'. 

The cone maybe described with Fas vertex and the curve X 
as directrix. Indeed any curve drawn upon the cone so as to 
cross all the generating lines is a possible dii'ectrix. 

233. Let any section A^ be made by a plane 11, parallel to IZ^, 
which meets QQ' in a point M^ lying without X. Then if P^P^ 
be the line in which IT, meets or, PiPi is parallel to PP' and 
therefore conjugate to QQ' : and if VD, VD' meet 11, in i?„ D^, 
the diameter DJ)l of A, is conjugate to P^P^, and h.D^D^ is 
the length of A,'s diameter parallel to P,P,'. Also by similar 
triangles 

D^^ . D;M^ ~ DM, DM " 
Let a line through V parallel to DD^ meet QQ in N, and let 
PNI^ be parallel to FP'. Then if IT, move up to V, the points 
D^, i)/ coincide, the section A, becoming a point-section in the 
plane VBB ; and M, is at N. And thus 
QN.Q N_ ]i\ 
VN^ " K^' 

234. In the special case in which A is a circle, fe= 1 and 
DDl is perpendicular to PP'. Thus VN\& perpendicular to PR 
and = k' 'JQN. Q'N. The section made \>y the plane VRB' ia a 
point-circle and the plane 11 is parallel to this plane. 

Hence, given any conic X and a line EB! lying in its plane 
but not intersecting it, we can determine a point V, such that the 
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cone ■witli vertex V and directi'ix X shall be met in a circle hy 
any plane parallel to the plane VltM'. 

For draw a diameter QQ' of X conjugate to SS! and meeting 
BE in N, and with centre ^and radius Vi'. QN. Q'Nih'. QQ' 
being the length of the diameter conjugate to QQ') describe a 
circle in a plane perpendicular to HR'. The point V may be 
any point on this circle. 

Perspective Projection. 

235. Let F be a given point or vertex in spa«e, and let ■er 
be a given^foine of projection. Let the line joining V to any 
point P meet ot in p. Then p is the perspective projection of P 
on the plane cr. Any system of points P, Q,E... has a perspec- 
tive projection (or picture) p, q, r ... on this plane. If P move 
along a straight line AB, p movea along a straight line ah, 
which is the intersection of the planes in-, VAB. 

Let AB, d>, ...be parallel straight lines which are to be 
projected. 




Through V draw a parallel Vq meeting to- in q. Then the 
planes VAB, VOD, ... all pass through Vq, and therefore the 
lines ai, cd, ... all pass through q. The point q (which is the 
projection of Q the point at infinity on the given parallels) is at 
an infinite distance (or, a J, ctZ, ...are parallel) only when the 
lines AB, CP, ... are parallel to w. 

A system of lines meeting in a point L project into parallels 
if w be parallel to VL. If another system meet in M, and ■ny be 
taken parallel to the plane VLM, the two systems project into two 
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sets of parallels. Thus, if L, M te two vertices of any quadri- 
lateral, the quadrilateral projects into a parallelogram on any 
plane parallel to VLM. The liiieiif is thus projected to in- 
finity. 

Curves, chords, tangents and points of contact project into 
curves, chords, tangents and points of contact. 

By Art. 232 the projection of a conic is another conic. 

The anharmonic ratio of a pencil PA, PB, PC, PD is un- 
altered by projection, for 
{P. ABGD\ = [ABOD] = [F . ABCD] = { V. abed] 

= {«5cd] = {p . aiod]. 

Thus if P he the pole of QR with reference to a conic, p is 
the pole of qr with reference to the conic's projection. If QE be 
projected to intinity, P is projected into the centre. 

By Art, 234, given any conic \ and any line BR' in its plane 
lying without it, wc can choose Vsn as to project X into a circle 
and the line RR' to infinity : or so as to project X into a circle 
and a given point (the pole ai RR')v[i Vs plane and within \ into 
the centre of tlie circle. 

236. By simply projecting the conic into a circle we may 
extend many theorems on the circle to the other conic sections, 
as for instance those of Arts. 88, 89, 92, 101, and Pascal's 
Theorem. Such properties are called projective. 

Again, we may sometimes make with advantage a more 
liberal use of the method, as for instance to prove the theorem : 
If two triangles he self-conjugate with regard to an ellipse, their 
angular points lie in a conic. 

Let ABG, DEF be the two triangles. Project to infinity that 
side EF of the triangle DEF which lies without the ellipse, and 
project the ellipse at the same time into a circle. Then d is the 
centre of the circle, and de, df are at right angles. Also aia is a 
triangle self-conjugate with regard to the circle. Thus da, db, 
do are perpendicular to he, era, ab, since the line joining the centre 
of a circle to the pole of a given straight line is perpendicular to 
the straight line. (FeiTera' Triltnear Co-ordinates.) 
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Now a conic passing through a, b, a, and the two points e,J^ 
at infinity will be a rectangular hyperbola, since its asymptotes 
are parallel to de, df, and will therefore pass through the ortho- 
centre of the triangle ahc, that is, through d. Thus a, b, c, d, e, f 
He on a conic, and therefore A, B, G, D, E, Flie on a conic. 

237. When V moves off to infinity, the lines of projection 
become parallel and the projection isometrical. There is also 
an analytical view of the connection of the isometrical and per- 
spective methods*. 

Let AB be a fixed line of reference in a plane -ur, and P, P' 

any points in the plane, and let PM, P'M' be the perpendiculars 

from P, P' to A£. Then in the isometrical projection on a plane 

n, pm, p'm' are not necessarily perpendiculai- to ab, hut if pre, 

p'n' be perpendicular to ab, 

pn _ pm _ PM 

^~'^'~ P'M'' 

PM 
and therefore — — is the same for all points in ot. 

Let X, Y be co-ordinates of P referred to AB as the axis of 
X, and to any other line in ro as the axis oiy; x,y co-ordinatea 
of p referred to any axes whatever in 11; and let X\ Y', a^, y' be 
corresponding attributes of P' : then if the line ah he denoted by 

ax + by + c = 0, 

PM _ Y . pn ^ax + hy + c 

PM' ~ Y" pn'~ax' + by' + e' 



and thus no motion of P in -so- affects - 



" Muoh of this Atticlo is due to Mc "W. K. Clifford of Ttinity CoUege, 
Cambridga. 
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Thus we may assume 

Y=A^ + B^y+0, (1), 

A^, B^, 0^ being tlic same for all points in ^. 

Similarly we may assume 

X=A,x-{-Bj/+ C, (2), 

A^, B^, (7, being the same for all points in ot. 

Thns the curve ^ (XF) = projects into 

4.{A^x-\-B,y+ C,, A^-^B^y+ CJ = 0, 

and the point XF into a point a^ determined by equations (1), (2). 

Again, let the projection be perspective, and let fl, gh be 
tbe intersections of 11 with m- and with a plane through V 
parallel to to- ; so that fl, gn arc parallel. Let AMB be a line 
of reference in er, and let the plane YAB meet tlie planes w, Ygn 
^fS' ^' Then Vg is parallel to AB. 

Let P be any point in w, and BM a parallel to If, and let 




p, pni be projections of B, BM; so that pm, BM, fl, gn are 
parallel. 

Draw Ipn parallel to^. Then 

BM_ VM^gf ^gf 
pm Vm gm -pn ' 
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If P' he any otlicr point in ot, and letters be accented 
accordingly, 

PM' ^ gf 
p'm p'n ' 

for ^,/ do not change. Therefore 

PM ^ P'M' 

and is therefore not affected by any motion of P in w. 

Let X, Y, X', Y' be co-ordinates of P, P' referred to AB 
as axia of X, and to any other line in w as axis of Y, and 
a, y, a;', y' co-ordinates of P, P' refen^ed to any axes in IT, and 
h,tfg,fl referred to these last axes be 

Ix + fny + rt = 0, fa + i/y + h = 0. 

Then 

PM _ Y 

P'M' Y' ' 



pn _ fx-hgi/ + h 
p'n fx'+gy' + Ii' 



Ix + ray + n ' 
fa+gy^-h 



being equal to 



P +91/' + ^ 
is the same for all points in w, and therefore 

Y^ L^-\-M,y-^N^ 

Lx + My + N 

i,, Kj, &c. being the same for all points in w 



-m. 
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Similarly 

x> + j /;y 4- iv;' 

i,', L', &c. being the same for all points in «t. 

Now L', M', N' are, like -Z/, M, iV", in the proportion olf,g, h, 
for however AB be changed, gn does not change. 

Therefore we may assume 

L' = kL, M'^liM, N' = hN. 

If then Z-,, L^, L^ denote 

LI LI 14 
k ' k ' k ' 

L^ + M^y + N, 
^~ Lx-^My + N ^''^■ 

Andif Z7, V, IT denote 

L^x + M^y + N^ , L^x + M^y + N'^^, Lx + M^ + Nz, 

ip {X, Y) = projects into 

and the point XY into a point xy determined by the equations 
(1), (2)- 

The line 

pX+iY+r = (3) 

projects into 

pU+qV + TW=0, 

which is at infinity if 

pL,+qL^+rL = 0\ ,, 

pM^ + qM^ + rAI^O) ^ '' 

The conic 

aX'+hY' + C + 2a-Y+2h'X+2c'XY=0 (5) 
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projects into 

aTr + bV^ + cW' + 2a'VW + ^7yWU+2c'UV=0 (6). 

If i„ Jf„ ... be so chosen that (6) may be a circle and the 
conditions (4) be satisfied, then the given conic is projected into 
a circle and at the same time a given line to infinity. Theo- 
retically the analytical operation is always possible, but our 
previous geometrical experience (Art. 234) assures us, that if the 
line cut the conic in real points the values of i, M, ... cannot 
be all real. When the projection is isometrlcal, L, M are zero. 



The Method of Hed^roeal Polars. 
238. Let P be any point, and F its polar with regard 



to a given conic section. Then if P move to some new position 
Q, P' will move to some new position Q'. Also the point in 
which P', Q' intersect, or 'the point (P', Q'),' will be the pole 
of the line PQ {cf. Art, 101). From Q let the moving point 
pass to E and the moving line to R'. Then the point {Q', B') 
is the pole of the line QB. And so on. 

Ultimately, when the stages of the point's motion are indefi- 
nitely small, we have two curves, one described by the point 
and the other by the intersection of consecutive lines. To the 
first carve PQ is ultimately a tangent at P, and to the second 
curve P' is ultimately a tangent at the ultimate position of (P', Q') 
(Art. 83 : for the points in which P' is met by its predecessor 
and by Q' are ultimately on the second cui-ve). 

Since then, in the rectilinear figures, P and PQ have their 
correspondents P' and {P', Q'), we see that in the curves a point and 
its tangent have a corresponding tangent and point of contact. 
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From the reciprocity of their relation the curves are called 
reciprocal polara with respect to the given conic. 

Call the curves A, A', and let tp, tq be two tangents to A at 
p, q. Then corresponding to p, q, the chord pq, the tangents pt, 




t 

qt, and tKeir intersection t, the curve A has the tangents p', q\ 
their point of intersection {p', q"), the points of contact (p, t'), 
{<l, (), and the chord of contact t'. 

Thus two tangents and a chord of contact ' reciprocate into ' 
two tangents and a chord of contact, though not respectively. 

239. If a point P move along a sti-aight line Q, its polar P' 
passes through a fixed point Q'"^. If P descrihe a curve, P' en- 
velopes a curve. 

Corresponding to a triangle XYZ we hare a tiiangle with 
sides X', Y', Z', and by taking the right positions for X, Y, Z 
we can thus produce any copolai' triangle. 

If the cui-ve A circumscribe a triangle, the curve ^ touches 
the three sides of the copolar triangle, and if A touch the three 
sides of a triangle, .4' circumscribes the copolar triangle. 

Tlie reciprocal of a conic section with respect to a conic 
section is also a conic section. For draw analytically any tan- 
gent to the first curve and take its pole with regard to the 
second: the locus of this pole will be found to be of the second 
degree. 

To a conjugate triad FGR corresponds a conjugate triad. 
For if GH is the chord of contact to J^, the point ((?', B') has F' 
for its chord of contact, &c 

240. Now let us take the theorem : If there he two trianejhs 
ABC, abc, such that Aa, Bb, Cc meet in a point, then the points 

* On the working notation of this Bubject compare h Bu^oetive note in Ferrers' 
SViKneor Co-ordiaates, Ciiap. vr. 

T. G. 15 
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(BC, be), (CA, ca), (AB, ab) Ue in a straight line (1). By the 
method of Eeciprocat Polars we can deduce another theorem 
from thia. 

For, reciprocating with respect to any conic, we have, for 
the triangles -4-Bl7, ahc such that ..., two triangles with sides 
A', B', C, a', b', c', sucl that (A', a'), (B', b'), (C, c') Ue in 
a straight line. Also for the points {BC, he), &c., we have the 
lines Joining (B', C), (b', c'), &c. These three lines therefore 
meet in a point. 

Therefore, If there he two triangles such that the intersections 
of corresp(mding sides he in a straight line, the lines joining cor- 
responding vertices meet in anoint, (2) 

The generality/ of (2) is fairly established : for any case of 
(2)'s hypothesis has by reciprocation a corresponding case of 
(l)'s hypothesis, and (1)'3 conclnsion, following that case, draws 
after it the conclusion of (2). 

241. When the conic of reference is a circle, one of the 
angles between any two lines is equal to the angle subtended at 
the centre of the circle by their poles. Thus if two lines be at 
right angles their poles subtend a right angle at the centime, and 
conversely, 

Take now the theorem : ' The circles described on the three 
diagonals of any quadrilateral have a common chord.' Tliia, 
iirst expressed in the form ' At a point where two diagonals AG, 
BD of a quadrilateral ABCD subtend a right angle the third 
diagonal also subtends a right angle,' can be translated into a 
much simpler but equivalent theorem. For reciprocate with 
respect to a circle centred at the point, or (as we say) ' reciprocate 
with respect to the point,' The result is found to be ; 

If A, B', C, D' be four lines such that A' is at right angles 
to 0', and B' at riglit angles to D'; then the line joining the 
points (A', £'), (C, B') is at right angles to the line joining 
the points {A', ff), (B', G'); which is the first theorem of 
Art. 53. 
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242. Our cui'vc of reference will hencefortli be a circle 
aiid the centre of this circle of rcfcrcoce will be called sim- 
ply ' the centre,' and if h be ita radius, we shall say that 1^ is 
the 'constant of reciprocation,' suppressing all mention of the 
circle of reference. The reciprocal \' of a curve \ with respect 




to a point can be found in two ways. For take any point F 
iu X, and in OP take y, so that OP . Oy = Ic'. Then X' is the 
envelope of a line through y perpendicular to Op. Again, draw 
OY perpendicular to the tangent to X at P, and in OT take;' 
so that Op. Oy=k\ Then V is the locus of p. 

Also as the angle Oyp is a right angle (Euclid vi. (i), p is 
the point where the aforesaid line through y touches its envelope 
X'. If X be a conic, so is X'. 

If OL, OM be tangents from to X, then the line 0' is at 
infinity, and L', M' are asymptotes to X'. 

Hence if be within \ since OL, OM cannot be drawn, 
L', M' are imaginary, and X' is an ellipse. If be without X, 
the asymptotes of X' are real and X' is a fiyperbola. If X pass 
through 0, X' touches the line at infinity and is a parabola. 

243. Let P be the pole of the tangent P' to a given circle at 
any point q. Then OP meets P' at right angles, say in iV, and 
OP. ON=!e'. Draw PM 8.t right angles to P's polar (wJiich 

15—2 
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is a line JfX peifendicular to (9I> and such that OD .OX=k^). 
Then (Art 101) 

P{D)_0{D) 

D{P) 0{Fy 

PM_ qx_ OP 

^^ Dq~ 0N~ OD' 

, PM p 

whence p-^ = - . 

Thns \' is a conic section having for focus and the polar of 
D for directrix ; and the eccentricity of X' is - . The semi-latus 

rectum is -. OX, or — , Thus the forniulte for the 'elements' 
of tLe conic are 

'=f (1), .-;- m. 

From the tangents at E, F we derive the vertices of the conic. 
Thus the centre of the conic is at a distance 



1 /_F_ 
2U + P 



j from 0. 



The asymptotes are lines through this point perpendicular to 
the tangents from ioS. 
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The reciprocal of a conic with respect to its focus is a circle 
whose centre is the pole of the directrix and whose radius is 
inversely proportional to the latus rectum. 

244. As another example of the metliod of reciprocal polars 
we shall solve the problem : 

' A triangle is inscribed in a given conic so that the focus is 
the centre of the triangle's inscribed circle. Find the radius of 
this circle.' (Senate-House Problems, 1862.) 

Reciprocating the supposed construction with respect to the 

focus 0, we have for the conic a circle of radius -^ whose 

centre 0' is such that Of/ = -^ {Equations 1, 2 of Art. 243) ; 

for the triangle a triangle described ahout this circle, and for the 
circle a circle described about the new triangle with centre 



Thus 0, O are centres of the inscribed and circumscribed 
circles of the new triangle, and therefore by Trigonometry 



-^- (f)"-©'-^ 



1 + Vl + e 



245, If four straight lines meet in a point, their poles lie 
a straight line. Also the anharmonic ratio of the lines is 
ual to that of the points. 

For let a, h, c, d be poles of the four lines FA, PB, PG, PD. 
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Tiiett tlie a«gUa OAP, OBP, OOP, OBP s.m nglit angles, and 
the angles AOB, BOO, GOD are (Euclid lu. 21) equal to 
the angles APB, BPG, CPD. Thus the anharmonic ratio of the 
four lines through P is equal that of the four lines through 0, 
which is that of a, h, c, d (Art. 65). 

Bj projection we extend this theorem to cases in which the 
curve of reference is any conic. 

And by reciprocating the theorem of Art. 218, we see that 
any tangent to a conic is cut by four fixed tangents in points 
whose anharmonic ratio is constant. 



Examples on Ciiafteu XIII. 

1. Given five points on a conic, find by a geometrical con- 
sti-uction the tangent at any one of them. 

2. If A, B, 0, D be four fixed points and Pa point such 
that {P . ABGB] is constant, the locus of P is a conic through 
A, B, 0, D. 

3. Hence prove that if two triangles circumscribe a conic, 
their angular points lie in another' conic. 

4. Apply the method of orthogonal projection to Exa. 17, 
18, 20, 31, 32, 41, 51 of Chap. IX. 

5. The equation to a curve referred to any triangle in its 
plane is ^ (a/37) = *>> ^"^ tlie equation to the projection of the 
cuiTC referred to a triangle in the plane of projection is ■^ (a,S7)=0. 
Prove that if a'ySV' ^e the projection of any point ct/^Y in the first 
plane, 

V^ ifi'&'i) 
is constant for all points and for all triangles of reference in 
the firet plane. 

6. The sectoi-ial areas included by the lines 3/ = 0, y = mx 
and the curve - a + ^a = 1 ai'e each %- tm~' — . 



y Google 



EXAMPLES ON CHAPTER XIII. 231 

7. The area common to the circle cc" + 3/^ = 2 and the eUipse 
x''+3j/'=S ia^(4 + 3 V2). 

S. No parallelogi-am circumscribing a given ellipse has a 
smaller area than one of those formed bj tangents at the extre- 
mities of conjugate diameters. 

9. In the ellipse the area of a sector whose bounding radii 
arc conjugate semi-diameters is constant. 

10. A chord is drawn to a given ellipse so as to cut off a 
constant area. Prove that this chord touches at its middle 
point a similar and similarly placed concentric ellipse. 

11. TF, TQ are tangents to an ellipse whose centre is C, 
Prove that the points T, P, C, Q lie in a similar and similarly- 
placed ellipse. 

12. A plane section of a right cone being given, the locus 
of the vertex is a conic whose foci are the extremities of the 
transverse axis of the section (Arts. 122, 145, 225). 

13. Prove that a section of the cone in Art. 232 parallel to 
a tangent plane is a parabola. 

Also investigate independently that case of Art. 232 in which 
A is a parabola. 

14. From a point V a perpendicular FJV" is drawn to a 
given plane, in which lies a circle of centre O, NA CB being the 
diameter through N. 

Prove that the cone whose vertex is V and directrix this 

circle can have no section of greater eccenti'icity than sec — ^ — , 

and that if FN' he drawn in the plane VAB making the same 
angles with VA, VB that VN makes with VB, VA, sections hy 
planes at right angles to VN' are circles. 

15. Prove by projection the Theorem of Chap. v. Ex. 22. 
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16. Given four points on a conic, the locus of the pole of a 
given line is a conic passing through the four points (Chap, XL 
Ex. 37). 

17. Apply perspective projection to. Pascal's Theorem. 
Are all possible cases of the theorem accounted for in this proof? 

18. Assuming the proposition of Chap. v. Ex. 23, deduce 
tlie converse. 

19. Deduce a property of the circle from Euclid iii. 31. 

Prove from the properties of the circle that if parallel 
3 be drawn to a conic the rectangle under their distances 
from the focus is constant. 

21. Into what does the normal to a curve at a given point 
reciprocate? and what answers to a pair of conjugate diameters 
of a conic when the conic is reciprocated into a circle ? 

22. Translate Chap. Tin. Ex. 30 and Chap. x. Ex. 40 into 
propositions on the circle, and Chap, X, Ex. 30 into a propo- 
sition on the parahola. 

Deduce from the circle the parabolic property in Chap. xii. 
Ex. 12. 

23. If six tangents 1, 2, 3, 4, 5, 6 be drawn to a conic, the 
lines joining the points 12, 23, 34 respectively to the points 45, 
56, 61 meet in a point (Bkianchon's Theokem). 

24. Confocal parabolas which have their axes coincident 
intersect at right angles if they intersect at all, and the focal 
distance of a point of intersection is an arithmetic mean between 
the serailatera recta.. 
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CHAPTER XIV. 

CUltVES OF IIIOIIER DEGREES. 

246. It has been implied in Arts. 21, 54, 100, 103, 177, that 
Analytical Geometry can deal with carves whose equations are of 
higher degrees than the second. Such equations have also ap- 
peared in the examples, as results of experiment in cases where 
loci had to be found, as for instance in Exs. 12, 13 of Chap. viii. 

In Ex. 7 of Chap. vii. four equations were given as subjects 
for the application of Art. 100. Of these (1), (2), (4) are of the 

2nd, 3rd, and 6th degrees. The equation - = sin y- , Hke all 

equations that cannot be reduced to an algebraic form tliat is 
finite, rational, and integral, is called transcendental. 

247. It is convenient to notice here certain properties of 
algebraic equations. The symbol = is a modification of = and 
denotes identical equality, so that if we usey (a;) as an abbrevia- 
tion for some expression involving x, we say that/ (a?) = that 
expression. 

Let f(x)^p^''+pX^^+p^x^'^+...+p„ = (1) 

be an equation of the n^ degree involving one variable a;. This 
equation has n roots real or imaginary. 

If imaginary roots occur, they occur in pairs: e. g. if 
3 + 5 V— 1 be a root occurruig 7 times, 3 — 5 V — 1 is also a root 
and occurs 7 times. If n be odd, there is one real root at least. 
Also if a root a occiu- r times, f{cc) is divisible by (x — ay. 
And generally, if s^, a^ ... «„ be the roots, 
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TIU13 < 



, ^-p- 



= (-!)"■ 



2\ 



If p„= 0, one of the roots is zero. If p„_, = 0, two of the 
roots are zero. If the lowest power of x in the equation be the 
r"', r of the roots are zero. 

Again, - is found from the equation 

in which, if^„, ^j, ...pr-i vanish, r roots are zero.. Thus, if tlie 
coefficients of the r highest powers of x in (1) be indefinitely di- 
minished, r of the roots become infinite. Any quadratic equation 
may be looked on as a cubic equation with an infinite root. 

248. When we use a functional notation, such as /(a;), 
^ (a^, y) and the like, it is to be understood, unless the contrary 
be stated, that the function is algebraic, rational and integral. 
Also a factor of a function is understood to involve a variable. 
Tims we do not say that 2^ + /^y" — 6 breaks up into two factors, 
although 2 divides each coefficient. 

Let <f) (x, 3/) = be an equation of the w"' degree in two vari- 
ables X, y. It is a proper equation of the n"' degree or an im- 
proper equation of the jj."" degree according as {x, y) does not 
or does break up into factors. Thus 



is a proper equation of the second degree, and 

xy = x-V^j-\ 
is an improper equation of the second degree. 

249. To find all the pairs of values of x and y which satisfy 
the simultaneous independent equations 



<^(x,y) = {> 

Ax-\-By + C=Q.. 



-(1), 
-(2), 
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Tve may eliminate »/ and determine the values of x from the result- 
ing equation 

*(.,-^) = o m. 

If (1) be of the n*'^ degree, so is (3). Thus there are )i values 
of X, real or imaginary, and for each value of x the linear equa- 
tion (2) gives the value of ^. The number of solutions of tlie 
system (1), (2) is therefore n. 

If Ax + By-i- C had been a factor of (x, y) =0, then (1), 
(2) would not have been independent, and (3) would have been 
an identical equation. 

250. If ^{x,y)^(S (1), ^(a;, ^)=0 (2) be simul- 
taneous independent equations of the m'" and Ji'" degrees, the 
number of solntiona, i-eal or imaginary, of the system is mn. 
The equations are certainly independent if each be pi-oper; they 
may be independent though each be improper: but if i/r (ic, y), 
<^ (a;, y) have a common factor, the number of solutions is 
iniinite ; for any pair of values of x, y which make that factor 
vanish are a solution. 

251. Keturniiig to Art. 249, we see that the straight line 
represented by (2), if it be no part of the curve represented by 
(1), intersects that curve in n points, real or imaginary. If two 
values of x in (3) be the same quantity a, two of the n points 

coincide at the point fa, = — |. Thus either the line 

touches the curve at this point, or the point is a double point 
on the curve (see Art. 83). 

If r values of x in (3) be a, the point fa, —=5 — ] may 

be a multiple point of the r'*' order. 

If J* be a multiple point of the 5th order on a curve of the 
nth degree, a line drawn through Pwill in general meet the 
curve in 6 other points, real or imaginary. Suppose the line 
moved about P to a position in which 4 of these 6 points have 
moved up to P. Tlien the line has contact of the 4th order 
with the curve at P, and meets tlie curve in two other points. 



y Google 



236 CURVES OF HIGHEE DEGltEES. 

If r values of x in (3) "be a, the point F may be a multiple 
point of the r*", (r — l )"'... 3rd, or 2nd orders, or may ho no 
multiple point at all; and in these several cases the line is no 
tangent, or has eontact of the 1st, 2ud. ..()• — 2)'" or (r — 1)"^ 
orders with the curve, respectively. 

252. Again, the curves represented by the independent 
equations (1), (2) of Art. 250 have mn common points, real or 
imaginary. 

Suppose one curve to pass through a multiple point (a, ^) of 
the^*" order on the other, then j) of the solutions of (1), (2) are 
x = a, y^ ^. If the point (a, ff) fee a multiple point of the^"" 
order on one curve and the g"" order on the other, then since 
each branch of the second curve meets the fii'St curve in p coinci- 
dent points, the point (a, ^) counts as p^ inter sections, and pq 
solutions of (1), (2) are x — a,y = ^. If the curves have contact 
of the T-"* order at (a, 0) , then r + 1 solutions of (1) , (2) are x = a, 
y = ^. For instance, if P, Q, R be three points on a curve, and 
if, P remaining fixed, Q, R move up to coincidence with P, the 
circle FQR becomes ultimately the circle of curvature at P. 
Since we may suppose §'s motion to be completed before .ffi's 
motion begins, a circle passing through B and always touching 
the curve at P will be the circle of curvature at P when S 
has moved up to P. 

Or, since two touching curves have a common tangent at the 
point of contact, we may substitute for the words ' touching the 
curve at P,' touching at P the tangent to the curve at P. 

253. If the curve F(xi/) =0 pass through the origin, then 
since .^(0, 0) =0, there is no constant term in F{xy). Suppose 
F {xy) =ax + 'by ■'r terms of 2, 3 ... n dimensions {which we may 
denote by 'f^iixy), .'j>g(x^) ... ff>„{xy)]. Then the polar equa- 
tion is 

= (al+hm) J- + 0, {hn) ■r'' + <p^ (Im) r' + ... 

+ ^^{hn)r'- (1). 

This equation determines the n values of the radius vector 
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drawn in any given direction [I, m]. Two values of r are 
zero if 

aZ + &»!=0 (2). 

That is, (2) is the polar equation to the tangent at the ongin. 
The Cartesian equation is 

ax + hi/^0. 
If a and b be zero, then for ant/ given direction two of the 
roots of (l) are zero, that is, the origin is a double point. If 
however we move the radius vector into a position in which 

*,('.'») = (3), 

then a third value of r becomes zei-o, and the vector-line is a 
tangent. That is, (3) is the polar equation to the tangent-lines 
at the origin. The Cartesian equation is 

And generally, if 

= ^r [xy) + tei-ms of higher dimensions -I- . , , + ^„ [xy) 
be the equation to the curve, the origin is a muUvph point of 
the r"* order, and the r tangent lines at the origin are given by 
the equation 

<p,{xy) = (i. 

This is the principle enunciated in Art. 100. 

254 Let the terms of lowest dimensions in an equa- 
tion be 

Ax^ + B?/' -f- 2 Cxy, 

so that the origin is a double point. The tangents at the 
origin are 

Aa^ + By^ + 'iGxy^O. 

If G^ >■ AB, these tangents are real. If G''='AB they 
coincide, and the origin is a cusp. If G^ < AB they arc ima- 
ginary, and the origin is a covjugate (or isolated) point on the 
curve. 

To determine the nature of a curve at any point we have 
only to transfer the origin to that point. 
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Ex. The curve 

a,|^-(y-l)'H-(y-ir=0 

has a treble point at x = 0, y = l, since when that point is 
origin the equation is 

255. To find the circle of curvature of the curve 
= ax+hy + Ax" + Bf + 20x1/ + ... +(j>,+ (j>^ + ...<p^...{l) 
at the origin. 

Let 0) be the angle between the axes. 
The equation 

= ax + by + X {x^ + 2x1/ COS 0} + 1/") (2) 

can by varying X be made to represent an^ cirele touehing (1) 
at the origin. 

Now all values of a; and y which satisfy (l) and (2) satisfy 
^ {A -\) x' + {B ~X) f + 2 (G ~X cos a) xi/ 

+ if>s + 'f>,+ ■■■ + 0™ (3). 

Therefore (3) represents a curve passing through tlie common 
points of (1) and (2). Two of these common pomts aie at 0, 
and accordingly, is a double point on (3), A thud common 
point will be at 0, or (3) will be (l)'s cirele of curvatuie, if 
ax + bi/ = be one of the tangents to (3) at 0. That is, if 
Zi : — a be one of the valuea of a; : w in 



or, if 



tA-\)a?+(B-X)if + 2{C-Xcos(o)xi/ = 0, 



a^+b^+ 2al> eos w ' 

then the centre and radius of the cirele can be found. If w = ~ 

tlie centre of curvature is at 

X _y _ d'-\- y 

a^'h~~2{Ah'' + Ba^-JCab)' 
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and the radiiis of ciirvature is 

K + 0^ 

The radius of cnrvature at any point of any algel^raic curve 
is found by transferring the origiu to the point*. 

256. The eqnation for determining the length r of a line 
drawn in direction [I, m] from the point hh to meet the cnrve 

f{x,y)^A^'^-YA^x'^~'y-\- ... +^„!/'' + terms of lower dimensions 
... + £w; + % + c=0 (1), 

ia found by writing h + lr, k+mr for x, yin (1). This equation 
is of the n* degree in r. The coefficient of r" is 

or <f> (I, m), if ^ ((C, y) denote the terms of highest dimensions in 
(1). The coefficients of lower powers of r may involve ii, k as 
well as I, in. The constant term ia _/(A, vfc). Thus we may 
write the ei^uation for determining r 

+ r-^,.,{l, m, h, k)+f{h,k)^0 (2). 

Of course some of the coefficients t^,, i^^^ ... y^^, may be 
aero. 

" When ibe origin is transferred to the point xy of the curve ip('X!j)^0, the 
equalion beoomee, X, Y being current co-ordinateE, 0(Z + x, l'+)/] = 0, or, 
since -P (xy) = 0. 






torms of higher diraenaiona 



ITina tho cadiuB of cnrvature of <p{xi/) = at tlie point m, the a 
ectaiignlar, is 

Rife J V%/_ 

(dipy d'lp /d-py di'<t> g'^^ # ^¥_ 

\dg/ ' <k^ \dx} ' dy^ dx ' dp ' dxdy 
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The product of the values of r is (— 1)".-^ ■-- ' — - . Thus if 

B, P' be two points a:^, x'y' from which are drawn parallel 
lines meeting the curve in Q^, ft, ... (?„ and Q^, Q^, ... QJ 
respectively, 

■ PQ. /W 



F(1,.fq;...fq: /w)- 

The f{xy) of any point varies, therefore, as the product of 
the n radii drawn from the point in a given direction to meet 
the curve. When a point crosses the curve its/ (a!^) changes 
sign (compare Arts. 176, 177). 

257, Let be a double point in a curve where the branches 
AOB, COD cut each other. These divide the space about 



into four compartments, AOD, DOB, BOG, OOA. A point 
crossing the curve at crosses either between the first and 
third compartments, or between the second and fourth, or tan- 
gentially. 

Ill the first eases the point crosses the curve twice and there- 
fore its [xy] does not change sign : that is, ^ {xy) has the same 
signin^C»i>asin50C,and th6 8amesigninZ»05,aainC0^. 
The third ease shews that these signs are opposite. 

Thus on a given line through the function /(a^^) is gene- 
rally a maximum or minimum at 0, and, in keeping with this, 
at the point 

f =». f = »■ 

ax ay 
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258. A point of infiexioii on a curve is a point where the 
curve both touches and crosses the tangent line. 




If P be such a point, then of the points in which the curve is 
met by a line MPQ differing slightly in position from the tan- 
gent at P, two points B, Q are near to P, and move up to coin- 
cidence with P as RPQ moves into the tangential position VPU. 
Thus if the line Ax + By+ G touch the curve <^ {xij) at a point 
of inflexion x^y^ , three roots of the equation 

Ax+G\ ^^ 



K-^)- 



are x^. The converse, however, is not necessarily trae. Of the 
curves x^ = aJ'y, a? — ay^, the first only has a point of inflexion at 
the origin. 

259. If a curve of the third order have three points of in- 
flexion, they lie on a straight line, 

For let D, E, F be the three points, and BO, OA, AB the 
tangents at tliem. And let x,y^, x^y,, x^^ be the co-ordinates 
of A, B, 0, the equation to the curve being ^ {x, y) = 0. Then 
by Art. 253 

BD.BD.BD . „ f'i^y^ 

-p^ r, -A T, — 777i numencally = ■■ :;, ■■ -' l . 
CD . GD .CD S (^s^a) 

Similarly \~Tt^-, \-jyp] ^™ numerically equal to 7-/-^^' 
f{x,y^ . BD CE AF ^ , ^, , 

Ji^y ^''^'''-mrAE-m^'' ""^ ^' '^^ "^'^'^ '^" °"^^ 

once cross a given side of tlie triangle A, B, C, tlie points /), £, i*' 
T. a. 16 
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Ke all or one in tlie sides produced, and therefore B, E, F lie in 
a straight line (cf. Art. 317). 

260. We return to equation (2) of Art. 256. 

Suppose that when the Hne is drawn in direction [l^ m,] two 
of the values of r are r,. It does not follow that the line 
x~ h y — ^i- 

tmohes tlie curve at the point (S+ ?/;, fc + )«,rj, for that point 
may be a double point. 

Again, if the direction [X./(.] be snch that (\, /i) is zero, one 
value of r is infinite.. By giving to the ratio I : m any one of 
the « values determined from the equation ^ (^, m) = 0, we ob- 
tain a line - ■ - , —— — meeting the curve in n points, of which 

one is at infinity. For instance, the lines ^ {xy) =^0, which 
are all drawn through the origin, are the directions of ' the points 
at infinity ' on the curve. 

Suppose both ^ (X^) and -^^ (X,/t, A, h) to be zero. Then two 
values of r in the equation for r will be infinite, and of the n 

points in which the line ■ ■ ■■ = - — — meets the curve, two 

will be at infinity. It does not follow that the line touches 
the curve at infinity, or in other words, that the line is an 
asymptote, for the curve may have a double point at infinity. 
I"or instance, let 

f[xy)=[xy~a^){xy-V), 
so that the equation for r is 
J^iri' . t" + nm {Ik + mh) ^ 

-V{(!k-Vmlif-^i^hh~a^-¥)lm\Y (1), 

+ {Ih + mh) {2hk -<["-*')»•+ {hk - a') {lih - 1') = 0. 
If we write 1, for I, m, that is, if we draw the line parallel 
to the axis of x, this equation becomes 

Q.r' + O.r^ + h'.r^ + h {2h7c - a' - b") r 

+ ih7e-a'){Jtk~h')=0 (2); 
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but the line y — k — is not an asymptote. For the curve is 
not a proper curve of the 4th degree, "but consists of the two 
hjpeiljolas xj = a'' ay = b^ ivhich beiu^ oo-aaymptotic have 
double contact at infinity The points of contact are double 
points on the compound cuive and eie/yline parallel to a co- 
oidmate axis parses tluongh one or other of these points. la 
order to get a tangent to the compound curve at one of these 
points it 1 necessaiy thit in (1) (/ ce values of r should be 
mfinitb , that B / must 1 e zcio or the Ime ?/ = is an asymp- 
tote 

If wij iDok upon k k -iS current c ordinates, we get the 
bqmtion to this abymptote by equating to zero the coefficient 
of » in (2) 

Similarly a; = is an asymptote. 

All possible directions of asymptotes of a curve are com- 
prised in the equation (/, m) = 0. Let (K, jj.) be a direction 
hence chosen. 

In the equation to the cui-ve write x-\-\t, y -\- fi/r for x, y, 
and in the result equate to zero the coefficient of the highest 
visible power of r. 

This last result is the equation to the asymptote or asymp- 
totes in direction [>.jU:]. 

Ex. (1) a^+y + 3ffla;!/ = 0. 

Here (if, m) ^ ^ + m^ = if ? + m = 0. Thm the equation 
for r is 

{x \ \rY -H (y + l^ry + 3a (a; + \r) [y + [^r) 

^Br' {x\^ + y/j!' + aX/J.) + ... = 0. 
Since X+ iJ. = 0, \' = /i' = - X^'- Thus tlie asymptote is 

x + y = a. 
(2) x'-fx-bf-a=^0. 
Here i> (J, rii) ~f- hn\ 

-^^{l, m, X, y) = 31^01 ~m-x-2!my-hm\ 
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If we suppose 

Thus x±2/-^ = (i 

are asymptotes in direction 

If X = 0, then 

-^i (X, ^, a;, »/) = - a; - 5 ; 
therefore a; + J = is an asymptote. 

If in the equation / (a;y) = 0, ?/ hecomes infinite when w has 
the value a, then x = h is an asymptote. Similarly if when ^ 
has the value b, k is infinite, ^ = b is an asymptote. We leave 
the proof to the reader. 

Thus tlie curve 

!' = S^ 
has the line x^a for an asymptote. 

261. A carve whose equation is of the third degree is called 
a cubic. 

The general equation of the third degree contains 10 terms. 
If we have given 9 points on a cubic we have therefore 9 homo- 
geneous linear equations for determining the 9 ratios of the con- 
stants. Such a system of equations, if they be independent, 
admits of one and only one solution : in other words, a cubic 
is, in general, uniquely determined by 9 points. 

The general equation of the k*" degree contains ^ ^ '- 

terms, and thus a curve of the m'" degree is in general uniquely 



The datum of one point enables us to eliminate one of the 
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arbitrary constants in a curve's equation. And any datRm may, 
by counting the number of constants it enables us to eliminate, 
be reduced to the form of points. Thi^ the focus of a conic ia 
equivalent to two points, for the general equation to a conic 
with focus at a given point (a, h) is 

involving- three constants. The centre of a conic is equivalent 
to two points, for when the given centre is origin the equation 
involves only three independent constants. 

262. Since any two cubica have 9 common points, it is 
clear that these 9 points are not sufficient to determine a cubic 
tmiquely, for tlie cubic in question may bo either of the two 
cubics aforesaid. Nor indeed do they determine a finite number 
of cubics, for if 

U-0 (1), 

F=0 (2), 

be the first two cubics, the infinity of cubics obtained by giving 
different constant values to X in 

[r + xr=0 ....,(3), 

pass through the same nine points. 

Suppose 8 points given on a cubic. Draw any two cubics 
through these 8 points and let P be their 9th common point. 
Then as an infinity of cubics can bo drawn through tlie nine 
points it follows that of the cubics through the 8 given points 
an infinite number pass through a 9th point which can be pre- 
dicted. It does not immediately follow that they aU pass through 
this 9th point, though that seems to be true. 

If the two cubics through tlie 8 given points be improper 
and have a common part, P may be any ninth common point. 

263. We conclude this chapter by ti-acing the curve 

y (a; — 4a) = ax{x — 3a) 
from its equation. 
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We suppose a positive. Writing the equation in the form 

^_^ax(x — Za) 
^ ~ x-^a ' 

we see that when tc = 4a, ?/ is infinite. Thus ic = 4a is an 
asymptote. It will be found that this is the only asymptote. 

The curve is symmetrical with respect to the axis of x, for 
the equation involves no odd power of i/. 

The curve passes through the origin, and the line x = Q is a 
tangent at the origin (Art. 100). 

^^ is negative when x is negative, positive from a; = to 
X = 3a, negative from x = Bato x = ia, and positive from x—Aa 
to ^ = CO . Thus the curve lies partly between the lines x = 0, 
X = 3a, and partly on the positive side of the Hne x = icL 

Approximately, when x is very great, 

Thus i/^='ax + (^ ia a parabolic asymptote. 

The jf of the curve is greater than that of the parabolic 
asymptote. This determines the side of the asymptote on which 
the curve liea. 

The line a; = 3a is a tangent at the point x = 3a. To prove 
this we may transfer the origin to that point, or simply observe 
that corresponding to this value of x two values of y are equal. 
The third value is infinite. 

The branch between x = and x = Ba is an oval. The rest 
of the curve consists of two infinite branches. 

Solving the equation witli respect to x we have 



^^ 3a' + y^ + V(y-9^')(/-a') 
Thus the lines y" = 9a^, y^ = a' are tangents to the cui-ve. 
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Tho first pair are an interior limit of tlie infinite branches ; 
the second pair bound the oval. 

Thia example is taken from Hymera' Conic Sections, from 
which also have teen selected some of the examples at the end 
of thia chapter. 
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Examples on Chapter XIV. 

1. A curve of tho third degree cannot have a double tan- 
gent, nor two double points, nor two ovals, nor an oval and a 
double point. 

2. A curve of the fourth degree cannot have four doable 
points, nor four ovals, nor, together with one, two, three double 
points, ovals three, two, one. (See Art. 184). 
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3. The circle 

x^+1/' — lOax + i.ay — Sw" = 
has contact of the 2iid order with the curve ^ — iax at the point 
(o, 2a). 

4. Find the equation to the parabola which has contact of 
the third order with the conic 

a^ + 2axi/ + h'f + 2oy = 
at the origin. (Salmon's Conic Sections, Art. 244.) 

5. If a, h, c be in ascending order of magnitude, the curve 

/=.(«,-») (r.-J)(»-c) 
consists of an oval and an infinite branch, 

What becomes of the oval (1) when 6 decreases to equality 
with a, and (2) when h increases to equality with c? (Salmon's 
Higher Plane Curves, Art. 32.) 

6. The curve 

c^-f-3x' -3f -X7/ + 2x~2tf+l=^0 
has a double point at (1, - 1). 

7. The curves 

f = <uf, f=ax\ 

have each a cusp at the origin, and the radii of curvature at 
that point are respectively infinitely great and infinitely small, 

8. Prove that if 0, ^ be two points on a curve, and QB 
a perpendicular to the tangent at 0, then the limiting value of 

jyr, when Q moves up to and coincides with Is the diameter 

of curvature at 0. 

9. Find the radius of curvature at any point xy of the 
conic 
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and prove that if Whe any point on the diameter i)i)', the chord 



10. Tlie locus of the centre of cm-vature at any point of 
the parabola ?/* = 4^3! is the ' semicubical parabola' 

Where does this cut the parabola? 

11. The sides -^i^j, A^A^.,. A„,Aj are met by a carve of 
the n*" degree. If P {A^^ denote the product of all the n seg- 
menta of the aide A^A^ that are measured from A^, &c., then 
numerically 

F (A,,) .P{AJ...P {A,,) = P (A J ...P {A J . P (J,.). 

(Camot's Theorem.) 

1 2. The origin and the points where x = ±a^Z are points 
of inflexion on the curve 

x''={d'-\-x')y. 

13. Find the asymptotes of the curves 

(1) y\x-2a) = x''-a\ 

<2) im/' + a?y = a, 

(3) 4a^={a;+3«)(a;'4-/). 

14. A curve of the n"" degree cannot have more than 



If the sides of the triangle of reference be asymptotes of a 
cubic, the equation to the cubic is of the form 

o:/37 + /a + m/9 + ky = ; 

and the three points where the curve cuts its asymptotes lie ia 
a straight line. 
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230 EXAMPLES OS CHAPTEE XIV. 

15. Prove that where x is very great the curve 

a^ — a" 

nearly coincides with 

+ S-1+5 + S, 
iind hence find the asymptotes and trace the curve. 

1 6. Prove by solving the equation with respect to y' that 
the curve 

is bounded by the lines 



Prove also that it has three double points and four double 
tangents. 

17. On the radius vector of a straight line are taken two 
points at the same given distance from the radius vector's ex- 
tremity. Prove that they lie on the same algebraic cui-ve, to 
which the given line ia an s 



18. From a given point a line is drawn meeting a given 
curve of the k'" degree in P,, P^, ... P„. In this line Q is 
taken, such that 

J__ J_ J_ J_ 

OQ^ OP^^ OP,^ ■■■ ^0P„' 

Prove that the locus of ^ is a straight line, 

19. If a line be drawn in a given direction in the plane of 
an algebraic curve the locus of the centre of mean position of 
the points in which the line meets the curve is a straight line. 

K.B. The centre of mean poaition of the points Xij/,, aiy,...x^y^ ia the 
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20. The comei- of the leaf of a book is douhled down so 
as to form a triangle of constant area. Shew that the locus 
of the corner is the lemniscate 



21. Assuming that all cubics passing through 8 given points 
pass also through a 9th, deduce Pascal's Theorem. 

22. Trace the following curves : 

(1) The four-cusped hypocycloid x^ + ^^ = a^. 

(2) ^^y' = a\ 

(3) The cardioid r = a (1 - cos ^) , 

(4) The conchoid r = a + b cosec 0, 

(5) (tan^y+(tan|Y=l, 
and prove that the cm-ve 

has a circular asymptote. 
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ANSWERS TO THE EXAMPLES. 
CHAPTER I. 

1. (I)f = j2, «.J. (2) r = V5i » = » + *'■'"' 2- 
(3))-=-3, fl = 0. (4) r^i, e = -| (cf. Ex. 12). 

2. (I) K-yJ, y = l. {2)1-1, y.O. (3)0,= 
(4) j. = -l, y.O. 

3. JWS; 272 + ^/^r+^/i3. 4. |. 
_2ar-fiMj + a^ 2y,+ffa 



V! 



For the middle point of EF, 



h . Jb'+o'+2bcci 



2' 2' 



(symmetrical expressions). 

11. Q moves from 5 to an. oc and from an cc to A. 

12, TLe point {(— l)')", wtt + ^}, w being any positive or negativ 
integer, or zero. 





OHAPTEE II. 




1. Itoanh«reducedto(a^ + j/'-a7 


■ + 27«?/a 


I'-O. 


2- 5' -3' - 


C C 


^'.- 


'(-f)- ? 


1 I 

1 7S. 
2' T- 


1 2 2 


1 

9 


^/3 1 

" 2 ' 2 ' 


B 


A 


e suppose) 




jr^B-' J 


A-^.B" (/«""" 




■,'",- 


, Jaimo 
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ANSWERS TO THE EXAMPLEa. 



75 + 2^' JS + 2J2' 



9. 7-(cosfl-siiLe) = 3; Jd.x-i/ + W = 0. 

10. The point lies on tlie line. 

CHAPTER III. 

1- (-i' %)■ '■ Thepointi. (-7. -3). 

4. a;-2/ = 3, a; + Sf = -l. 5. y-h^m{x-h). 6. 0) = 2/. 

7. (I) ^ = |. (2)x + 5i/ + 3 = 0. (3) x = 4. (4) i/^O. 

8 A 1.. ii 

73' Va' J2' 

11. 2a:- 3y = 3, 3a! + Sjf + 2 = 0. 

12. {«-.)^+(6-.?)y=03 y^a: -^)^^-^)" 

14. tan-'sV^; S*- 72^=12. 17. M-y-O, a; + y=0. 

19. x' + y' = <f. 20. o:2/ = -|. 

21. (^' + ^7 = «'(*■ -»/'). 

23. The expressions substituted for x, y are always linear. 

24. 3y = 2% + 2ai). 

25. a; = 3/ cos a + / cos /3, »/ = a;'ein<x +/sinp{Art. 26). 

26. -^ — -,- — .. . 27. Art. 34 ; equal and opposite 
am<w+l) ^ "■ 

inclinations to OT. 28. cc + ^ cos 01 = A + A cos <a. 

29. Takers, ^C for axes. If AB=c aiid .,1(7 = 6, the equa- 
tions to FC, KB, AL are then 

/I 1\ « , ce /I 1\ , ic w 

33. If .iZ + .B«i=- he the type of the given lines, then the 
locus is the straight line -= S {^). US(£). m. 
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3i. C£ Art. SC. 35. llx-22p ■i-25^1). 

36. If a'jj/,, x^i/,. be opposite cornera of a parallelagram whose 
sides are parallel to the asos, the other corners are Mj)/,, iCj?/,. 

37. 2/=3, p + xJS^S + j3. 

38. A case of Chap, v. Ex. 23. -JL, BM, CiVmeet in 

y f '!>■ - ff ^^ 

/ffA fg-h' fg-h" 

The straight line is :^ + '^-s — ft- + — v ' Ti - = 0- 

39. Ex. 34. 

CHAPTER IV. 

1. (1) The lines a; -a, x^a. 

(2) Thelines K-ffl + 7:^(3/ -S), x-a- J^l(^-h). 

(3) The lines a: - », y - &. (4) The lines y + 3a:, y + k. 

(5) Two coincident lines y + 2x. 

(6) Thelines« = «, a; = «^i^^, x^.^^^^. 

2. K -«'<!/= 4 (a6'-a'6)(5e'-6'c). Art. 32, (1). 

5. They bisect the lines joining the point (Pr, mr) to the 
points (I'r, m'r), {-tr, - m'r). 

Ax+By + G /A' + D' 

"■ A'x+£y + C~'^ V A-' + B-'- 

8. It is given that «&c + 2a'b'o' — aa" - 66'^ - eo" - 0. 

9. Yes, two coincident straight lines. 10. -s- • 

11. / and g cannot be so determined. (Ex. 7 & Art. 50.) 

12. (g r^t"-"') , 

Ab-£u 

13. It represents the lines <'=0, 6 = -s , S = ^. 

14. Arts. 12, 38, Eoclid vi. 3. 

15. Ax^ + £y^ + G: Ax^ + By^ + G. 

17. By Ex. 16, four straight lines through the intersection of 
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tJio given lines (Jour, if the division may he eitter intei'nal or ex- 
ternal and tho order of comparing the segments be unfixed). 

19. The locus is & finite straight line; areas are not subject to 
sign. 20. A straight line. 

CHAPTER V. 
2A 2a 2i 
■ 3a ' "36 ' 3e ' 

3. la + m^ + ny^lf+mg + nh; {am - bl) p + {an - al) y = 0. 

4. -aa + bp + ay = 0; hj^ + cy^O. 

5. The line is parallel to ^ cos 5 - > cos C. 

6. I {m-n" - TnTn') + 1' {m'n, - mn") + f {mn' - m'n) = 0. 

8. a. (,8.V. - ^37.) ^ % (^.Vi - Av^ + % (^.7. - ^.r») = 0- 

(m,n'^m.'n)wiA +{nF^l)^iiB+(lm.'~l'ni)mi.C 



tan ' 



W+mm'+nn- {mn'+nt'n) cosA—(nt+n'l)QoaB—(irii'+I^m)eoiiO 
(by Cartesian co-ordinates). 

10. l3+y~a = 0, y + a-IS^O, a + /3-y = 0. 

U. ^^i±Z!!^, r^A + nA !^ihllhy^, itaAj. ^^.7. be the 

given points and Wjin, the given ratio. 
_ 2A „_2a 
Ij. __ __,_y_-_.. 

U. ^ : ^. 16. mv + nw^G, nw + Iu^O, bi + mv^O. 

ir. AL, BM, CN are imi-vnw, nw + lu, lu + mv; OA, OZ are 
mv — rno, ilu + mv + nw. 

18. Ex. 14. 

19. ^i/=^^^, -4i\^=^^^^; distancefrom.i 



/ 1 J^ 2cos^ 
V AM'"" AN"^ AM. an' 

20. i J-D may be made tho triangle of reference and If ai 
to be the point lo. — m^ = my, 

21. mv+nw, nw + lu, lu + mv are AG, LM, £D. Let LM 
meet AG, BD in fi, 7". Then rm-ww, tm-lu, lu-mv are CT, 
LN, BR, which therefore meet in a point P : lu — 2ot.« + mn, 
2l>i-mv + 9iw, lu-mv + 2nw are FM, RU, TW, i£ U,W h^ the 
intersections oi BL, GT; GL, BR. 
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)6 ANSWERS TO THE EXAMPLES, 

22. It P be a point ^A, then tte co-oi-diaates of any point A' in 
P are proportional toy + — , X, ff, h, it \ = PA' -..A' A, &c. (Ex. 
I, and Art. 73). 

23. Let A L, BM, CN meet in la-mp = ny; the straight line 
la + m^ + ny. 

CHAPTER VI. 
2. x' + y'- {x' + x") x--{y' + y") y + x» + y'y" = 0. 



o.(^.^ 


-y.r^T"- 








2 


B^^B'-W 8 


A'' 


= B' 


= 4(?. 




10. Cf. Euclid in 


. 21. 






loo.. + l/m.a. 


a. 13. {Aa + Bh + 


0'= 


-{A^ 


4-^). 



12. 

14. Yes, at the origin. 

15. Determine n 3o that y — tnx + n may touch the circle, 

16. Take a;'' + y^ = c= for the circle and j/ = for the diameter. 

17. m-+yy' = ia(x + x). 18. xx'+yy'+Uoii<a{xy'+yai)-=c\ 

19. A circle concentric with the square, 

20. AB is divided harmonically. 

23. K - 2;/ = 9 ; (9, 9). 24. a = r cos {5 - a). 

25. The line joining the centre to the fixed point is a diameter. 

27, Use equation (2) of Art 93. The locus is - = ^^ . 

29. A ciicle : use equation (2) of Art. 93. 

30. A circle. The circle becomes a straight line. 

31. A ciixile through : the diameter through is perpen- 
dicular to the line. 

CHAPTER VIL 

1. Without. 2. The distance between the centres 

is the sum or difference of the radii. 
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3. (a- A - aA'f + (a-B- aSf = {a' J A'^ + B' - UJ * i^jA'^ff^'-^CJ. 
i. l£AB = c&n&AC=h, tte equation ia 

!»? + y'' + 2xy COS A - cm + bi/. 

5. Assume for the equation x^ + t/'+Ax+£i/ + C = 0. There 
e three equations for deterininiiig A, B, G. 



6. ^a; + % + 2(7=0. 7. (1) o,{y + y)^2xx. 

(2) a^(2, + 22/') = 3^-V. (3) ^.cos^.^. 

(4) -^-.^ = .1 11. «^i = ^. 

Jx :}y cos<u 

13. The equation for determining the given ratio I -.1! \s 
lx"-\-y''-<f)l' + {a?-^y'-c')l'^ + %{xx' + yy'-c')U' = (i. 

Compare Art. 179. 

14. "and prove tliat..." : first prove that Z is the pole oi MN; 
then similarly M is the pole of NL; therefore (Art. 101) jV is the 
pole of ii/. 

CHAPTER VIII. 

1. ^= + / = |(^+y-l/. 

2. y~x=a, y + x = a; x: + y=Sa, x-y = Sa. 

4. The equation is x = y. 5. 90°; 90". 

17 
10. TLe focal distance of the point (4, — 2) is -j- : tlie norma! 

1 4. The equation for tho ordiuate ia y' i/ + — =0. 

1-5. Within. 16. The vertices are (- 2, 3), (2, - 3) ; the 

fooi are (-1,3), (1,-3). 17. /»Ga!. 

18. V5■^^/y-^/WI 21. The ratio, I : f is found 

from (s' - 4<ia0 i' + (»■ - 4") r + 2if (yy- - 2oiT^') . 0. 
22. r.*-^. 23. 16.-. 

T. G. 17 
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24. One form is r sin' fl - 4* (sin C + cos 6). 2C, 27. The m of 
ihe normal from x't/' ia found from ;/' = mx' — 2arii — mn?. The 

">»- ■■"""•-£• -6' -£• 

28. Eliminate «', y' from --^= ^, j('A= 2a («' + ft), y" ~^ax'. 

29. The parabola »/' = 2a (ic - a). 30. Use poliir co-ordinates. 

32. When A is indefinitely increased, the curve tends to become 
two parallel lines. 



CHAPTER IX. 
1. 58{(^-I)^ + (y + 2n=^(7y-3«. + 3y. 



11. Without. 12. 64a;'=49/=^. 

15. 4(ay+6V-ffi'5=) = (ic» + 2/''-a''_i'}=. tanV, if a be the 
given angle. 

16. Four from points ia SS'; two from other points in the 
major axis : from a point 6' in the minor axis four or two according as 

(?(?■ <: or > ^ (Ai-t. 126). 
31. When GP = GD. 

25. The locus of Crts middle point is ^ x fL = ^ . 

26. {a' + V) (t/x ~ onj) - («' - 6') {xx - yy - a^ + f). 
29. ^i*, ^T are bisected by CF, CY'. 



-J — r7 ; the straiglit line y — ^., 
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33. One pair bisects the chords joining the extremities of the 
othertwo. (Arts. 67, 140). If the diameters be y^m^ j)= — ^, 

y = mx, y — — y— , the condition is vh —m, — -^ [j. «mjj' + -) . 

34 't=._^i^B^j¥^rw^^^o. 

37. x^ (33 - ^) - y' Qi - J.) = 0- 38. The four tangents are 

^ ^c^b' ^ y Ja^^' ^ ^ c J^F^^'. (Art. 128). 

39. sec-' ^ ^' + b'-c' ; - Jia'-c') {c'-b'). {See Ex. 23). 

41, An ellipse; transfer the origin to the point and use polar 
co-ordinatea. 43. A circle. (Art. 129). 

44, (Art. 127). Tie foci are angular points of a, rectangle 
whose sides are perpendicular to the tangents. 



n the equation by moving the origin to the vertex. 

46. — = 1 + e 003 1* (5 being pole) ; 

»■' (a=see^ $ + b' coseo''^) = {a' - 6')' {0 being poJe), (cf. Art. 1 27) ; 
a' ^ ^^ 

47. Take A, A' successively for poles. 

48. A roctilniear ellipse SS'. 49. The circle oa AA'. 

51. A line parallel to the timgenb at the given point. 

52, {Aay + iBbf^C 53. Ex.52, 
64. Ti-ausfer the origin to tlie point. 

CHAPTEK X. 

1. \Z{x' + f) = -2{x~rnj + Zf. 2. ^6; ^,0^1. 

„ /2 JA^ + B'' J A' 4 B' ,. ^ . ... 

3. 2 ^ / -rr : ^ — -, or ^^ — =— , according as C is positive 

V 5 -4 -B 

/ 1 7\ 1 /Ma. 1 /iia 

. negative. 4. {^- -^, --j ; - ^ -- , g^ ^ ■ 

8. Salmon's Conic Seellons, 4tli Erl.. Arts, 183, 302. 
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13. (1) «=3»; 2/=i(9; + ffl). (2) ic!/' + fl^y = 0. 

(3) K*7a.z/=-^. 15. x^a^^y. 

16. The double poiats are (0, 0), (1, 1), (1, - 1). 

Two of tiie double tangents are a: = — j-tj, a: =' s- 

23. (4) See Ex. IT. (5) TMa curve is an endlesa 

pattern. 
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